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1 Introduction

1.1 Background

In various applications, ranging from electronic devices to industrial processes, controlling temperature
distributions is essential for optimizing performance and efficiency. Under the Fourier law of heat transfer,
the basic equations for the temperature distribution at equilibrium states are

q=—AVu, (1)

where u is the temperature, A is the thermal conductivity coefficient tensor, q is the thermal heat flux
vector, and f is the heat source. Equation (ﬂ) describes the linear relation between the heat flux and the
gradient of temperature, and equation (P]) results from the conservation of internal energy.

Let’s consider the case where the domain of interest {2 is bounded. In order to close the problem we
have to introduce boundary conditions. Let’s consider a simple case where the temperature outside of
this region is given, which can be interpreted as the Dirichlet boundary condition

uloq = g (3)
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Now, combining equations @), (E) and (E) gives the static heat equation

{_v “(AVu) = f, inQ, (4)

u=g, on 0f).

Suppose that we have a targeted subdomain Q¢ C 2 and a given targeted temperature ug, our goal
is to minimize a combination of the L? error between u and ug on €y plus the cost of control, which can
be modeled as the L? norm of f, under the constraint given by (). Then the problem is formulated as

find f that minimizes J[u, f],

-V -(AVu)=f, inQ, (5)

subject to
u=4g, on 897

where

1 2 04 2
Jlu, f]:= B lw = uollz2(qq) + 5 £ 172 -

Here, v > 0 is a weighting parameter, Q C R? is a bounded Lipschitz domain, and Q¢ C € is a subdomain.
For simplicity, we assume g =0 and A = I.

1.2 Objective

The primary goal of this project is to address the PDE-constrained optimal control problem derived
from the model of optimal heating strategy. The specific objective is to solve the optimal external heat
source f that minimizes the error on the targeted region plus the controlling cost by MFEM. This project
will teach me how to integrate knowledge from both optimization and finite element methods to solve
realistic problems and will enhance my understanding in scientific programming using MFEM.

2 The continuous problem

2.1 Derivation

If we rewrite the heat equation constraint (H) in (E) into its weak form and treat u also as an unknown
variable, then problem (B) becomes

find (u, f) € Hy(Q) x L*(Q) that minimizes J[u, f],

6
subject to: Yo € Hg (), (Vu, Vo), = (f,v)a. (6)

In order for the minimization problem (E) to be well-defined, we should require at least that ug € L?(Qo)
and f € L*(Q).

The well-posedness of the constrained minimization problem (B) is easy to check via classical calculus
of variations [4, Section 8].

By the method of Lagrange multipliers, the equivalent weak form of (B) is

find (u, f,2) € H}(Q) x L*(Q) x Hy(Q) s.t. ¥(v, p,w) € Hy(Q) x L*(Q) x Hi(Q),

{a((uvf), (v, 9)) + (v, 9), 2) = F((v, 9)), (7a)
b((u, f), w) = G(w),

where
a((u7f)7<07@)> = (u”U>Qo +’7(f7 LP)Q) (7b)
b((u, f), w) := (Vu, Vw)o — (f,w)a (7¢)
F((v7¢)) = (u()vv)Qo’ (7d)
G(w) :=0. (Te)

We call equations (H) the continuous equations. Here and below, we choose the discrete 2-norm for the

product space, i.e.
1

2 2 2
s gz = (el + 17 13e))
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2.2 Well-posedness

By the Babuska—Brezzi (BB) theory, to prove the well-posedness and a priori estimates for the solu-
tions of ([q), it suffices to check the BB conditions for the bilinear forms a and b. It’s easy to verify that
lall < max {1,7}, 16l < 1, [1F| < lluoll 2(cy)» and 1G] = 0.

By direct computation,

b
B inf wup b((u, f),w)]
WEH(Q) (u, f)e HE ()X L?(Q) [ (u, f)HHg(Q)xm(Q) ||w||H1(Q)
|b((w77w)7w)|

P
weHL(Q) [|(w, _w)||H1(Q)><L2 Q) Hw”Hl(Q)

; ||wHH1 Q)
weHl(Q) | (w, w)||H1(Sl)><L2 Q) HwHHl(Q)
1
2
so the bilinear form b satisfies the BB inf-sup condition.
Actually,

>

ker(B) = {(u,f) IS H&(Q) x L*(Q) : Vv € Hé(Q), (Vu,Vo)g = (f,v)Q}
={(u, f) € H}(Q) x L*(Q) : —Au = f weakly in H"(Q)}.
Then by elliptic estimates,
la((u, f), (v, 9))|
£ 1O\, ) AW Y1
(01 Bker () a3ty 10t P N0, )]
s (). (1))

Q=

T ek ||(u, )|
> 0 HfHL? Q)

(u, f)eker(B) Hu||H1(Q + ||fHL2(Q
>

Cao+1

This implies that a is coercive on ker(B). Therefore, ¥(v, @) € ker(B), if V(u, p) € ker(B), a((u, f), (v, ¢)) =
0, then (v,p) =0.

Hence, problem (H) is well-posed according to the Babuska—Brezzi theorem [3, Theorem 49.13], and
the exact solution satisfies the a priori estimates,

(s )l ) x 220y < e l|Fll+ 2 [|GI]
20l g ) < s IFll +eallGl
where ¢; = 1, ¢, = %(1 + ”%:”), c3 = %(1 + HQLHL and ¢4 = %(1 + H;%H)
3 The discrete problem

3.1 Derivation

Let’s discretize the problem using a conforming Galerkin method. Let V), C Hg(Q), W), C L?(Q2) and
Qn C H(Q) be the (non trivial) finite element spaces. The discretized problem for ([f)) is

find (un, fr,2n) € Vi X Wi X Qpn s.t. V(vp, on, wn) € Vi X Wi X Qp,
a((wn, fn)s (vn, n)) + b((Vn, @n), 2n) = F((vns on)), (8)
b((un, fn), wn) = G(wp).
We define the mappings Ay : Vi, X Wy — Vi, x Wy, and By, : Vi, x Wy, = Qp by
V(vn, ¢n) € Vi X W, (An(un, fn), (Vh, on)) = a((un, fa), (Vn, ©n)),
Vwn € Qn, (Br(un, fn), wn) = b((un, fu), wn).
Their upper bounds are controlled, i.e. ||4x| < ||a| and || Bl < ||b].
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3.2 Well-posedness
Assume that @, C V3. By Poincaré’s inequality,

b
By = inf sup [6(Cuny fn), wn)l
wn€Qn (up, i) eVix Wi, | (Whs fr) [H[wnl o
[b((wn, 0), w)|

>
wpEQR H(wh70)“ ||wh||H1(Q)
2
Vw720
= m -
wpLEQR H’whHHl(Q)
>Cq.

Notice that

ker(By) = {(un, fn) € Vi, x Wy : Yoy, € Qn, (Vun, Vor)a = (fr,vn)a} -

If V), C Qp, by the conforming finite element method for the Poisson equation, V(up, fr) € ker(Bp),
Huh”iIl(Q) < CQ Hfh||i2(9) Thus

la((un, ), (Vn, ¢n))|

ap = inf sup

(un. fn)Eker(Bn) (up,on)eker(Bp) ||(Whs fo) |l 1(vn, @n)l]
S it \a((Uth),(uhéfhm
(unfn)Eker(By) | (uns f2)]|

“Y||fh|\i2(g)

> m 2 2
(uh,fh)Eker(Bh) ||uh||H1(Q) + ||thL2(Q)

Y ——
(un,fn)€ker(By,) ”uh”Hl(Q) 11
T
> T
Cqo+1

In summary, if V;, = @Q},, then the discrete problem (E) is well-posed by [B, Proposition 50.1]. Moreover,
the discrete solution satisfies the a priori estimates,

[ Cuns Sl 1@y xr2e) < e IFI+ 2 1G]],
2l 2y S esllFll +eallGll

where ¢; = i, cy = Bi(l + %‘h”), ¢y = Bih(l + %)7 and cq = Ll (1 4 Laly,

lafl a
h . B Br
3.3 A priori error estimates

3.3.1 Estimates in the energy norm

Assume V), = Qj. It’s easy to check that the mapping IIj, : (u, f) € HE(Q) x L?(2) — (un,0) €
Vi x W}, defined by
Ywy, € Vy, (Vuh, th)Q = (Vu, th)g — (f, U)h)Q

is the Fortin operator for b. Moreover, ||II;|| < Cq. By [3, Corollary 50.5],
(= wns [ = fu)ll i oyxr2()

/ : .
chh (thh;rGl{/thh ”(u —vn f = wh)”Hé(Q)XLQ(Q) te2h wi,Iéth HZ a WhHHl(Q) ’

||Z*Zh\|Hg(Q)

<l inf —op, f — inf |z — ,
3. (vh,SOh;IEIVhXW;L ||(U h f Lph)”Hé(Q)XLQ(Q) T Can w;llréVh ”Z whHHl(Q)
where
a
Cll,h =1+ %)(1 + I, ) < C(1+ C’max{l,'y’l})7
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)

b
b= o] <A+Coyt<ey
ap

/ ; lall

C3,h = CLhﬁT < C(l + max {77177})7
=1 [1ell llal <C(1 1,7t
cgp =1+ A + con 3, S ( +maX{ Y })-

Suppose {75}, is a family of shape-regular conforming triangulations of . Assume we take V;, = Qp, D
PE(Th) N HE () and W), D PY(T;,) N L2(Q2) for some integers k > 1 and [ > 0. By the best approximation
error [2, Theorem 22.14 and 11.13], for the exact solution (u, f,2) € H¥1+1(Q) x Hlot1(Q) x HF2+1(Q),
the errors will satisfy

lu—wnll gy + I1f = Full oy S €n (B [ulgraer + RO | flpn) + c2,nh® 2] g

12 = 2nll g1y S hn (B [ul grgsr + RO | Flpign) + canh®® 2] g
where k1 = min {k’, /;1}, ko = min {k, /;2}, and [p = min {l, Zg}. In conclusion, for each fixed v > 0,

lw = unllgr ) + I1f = fullzz) + 12 = 20l i1
SJhkl |U|Hk1+1 + hlo+1 |f|Hlo+1 + hk2 ‘Z|Hk2+1 (9)
§C(u, f7 Z)hmin{k;17k27lo+1}'

3.3.2 Improved estimates

We use the Oden—Nitsche technique to improve the error estimates. Let

t((u, f,2), (v,0,w)) = al(u, f), (v,9)) + b((v,¢), 2) + b((u, f), w)
and consider the following auxiliary problem,
find (0, p,w) € (10)
t((@, f,2), (&,

The well-posedness of the auxiliary problem (@) follows from that of the original problem (H) Moreover,
we can deduce (in the weak sense)

HL(Q) x L2(Q) x HYQ) s.t. Y(@, f,2) € HE(Q) x L2(Q) x HL(Q),
o))

@, W) = (u —up,w)q + (2 — 2n, Z)q.

Using the elliptic regularity theory (for Lipschitz domain) and a priori estimates for the auxiliary problem
(@ we obtain

@]l g2y S Nl = unll 20y + 101l 2 0g) S lu—unllp2iq) + 112 = 21l 2(q)
||UHH2 Q) ~ Sz - Zh”Lz(Q) + H¢||L2(Q) S lu— Uh”L?(Q) + 1z - Zh||L2(Q) J
16510y = 5 1@ 1.y S Nl = unll g2y + 12 = 20l 120 -

Choose (@i, f,2) = (u — up, f — fn,z — z1) in (@) and use the equations (H) and (E) For any
(On, §nyWn) € Vip x Wi X Vi,

2 2
lw = unllz2(0) + 12 = 20l 120
=(u—up, )+ (2 — 2n,2)a

(v 35,“7))
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+(vf, @ = @n)a — (f,d — n)a
< (il + |7

SC(u, f, z)hmmtknketotl) (||?7 = Onll o) + 18 = @nllp2) + 10 — ﬁihHHl(Q)) :

L2(Q) + |5||H1(Q)> (Hf) - ﬂhHHl(Q) + ¢ — SﬁhHLZ(Q) + ||lw— ’lI)hHHl(Q))

Take the infimum w.r.t. (0p, @p, wp). By the best approximation error for V3, (k > 1) and Wy, (I > 0),
l[u— uhHiz(Q) + 1z - Zh||2L2(Q)
SC(u, f,z)hminthokalot 1y (h 0] g2y + 1@l g () + 1 |w\H2(Q))

<C(u, f, 2)hminlkit Lk +100+2) (||u —upll oy + 12— ZhHL2(Q)> _

Therefore,

||u _ uhHLZ(Q) + ||Z _ Zh||L2(Q) 5 C(U,f, Z)hrnin{k1+1,k2+1,lo+2}_

Now, let Ilyy, be the L2-projection onto Wj,. By (H) and (E), Yo € Wh,

Y Mw, 2 = 2, en)o =7z — zn,0n)a = (f = froen)a = w, f — far on)a-
By duality,
'

[Hw, f — fh||L2(Q) <7 w2 — Zh”LZ(Q) <y Hlz - ZhHL2(Q) +77 2= HWhZ||L2(Q) )

S0
”f - fh||L2(Q) < ||f - Hth||L2(Q) + ||Hth - fh||L2(Q)
<If = T, Fll oy + 77 2 = 20l oy + 97" 12 = s, 2l 2

hlo+1 ‘lelo+1 + C(u, f7 Z)hmin{k1+1,k2+1,l0+2} + C(Z)hmin{kz—i_lvl""l}
C(uv I Z)hmin{lirl’k?‘H’loJrl}.

IANRZAN

So far, we have obtained the improved estimates,

lw—unllp2i0) + 12 = 2nll 20y S Clu, f, 2)pmin{k+ Lkt 1o +2} (11a)

lu— uthl(Q) +lz - Zthl(Q) S Cu, f, Z>hmin{kl’k2’l0+l}v (11b)

||f _ fh”LZ(Q) g C(U,f, Z)hmin{k1+1,k2+l,lo+1}. (].].C)

3.4 Numerical methods

The matrix problem corresponding to the discrete problem (E) has the double saddle point form

[un]
Ky | [fn] | = Fh, (12)

where
A, O BF
K; = 0 ~CY, —D}j;
B, -—-D, 0
Here, Aj is merely symmetric positive semi-definite since Qg C €2, and possibly C; # Dj because
Wiy # Qn, so a lot of existing solvers and preconditioners in the literature for this problem cannot be
used.
According to the discrete well-posedness result, we choose V;, = @}, for the discrete problems. For
simplicity, we choose

Vi = Qn = P"(Th) N H}(),
Wiy, = PH(Th) N L3 ().
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as our finite element spaces, where k € N; and [ € N.

In this setting, By, is the stiffness matrix on V;, x V},, which is symmetric positive-definite and easy
to invert using the preconditioned gradient descent method, and C}, is block-diagonal thus admitting an
explicit inverse. Now

0 0 BT
T _ T p-T —1
PhKhPh = 0 ’ych+DhBh AhBh Dy, 0 s
By, 0 0
where
I 0 —1A,B;!
pP,=(DI'B," 1 -DIB,"A,B;"
0 0 1

Hence the system matrix in (@) is symmetric and indefinite. We use the MINRES solver with a simple
block-diagonal preconditioner
M), = diag (B, 7Ch, Bp) -

4 Numerical examples

4.1 Example 1

We consider the following exact solution on Qy = Q = [0, 7]2.

S

(z,y) = sin(k1z) sin(k2y),
f(ma ) <k2+k2) y)a
(z,y) =vf(2,y),
o(w,y) = (v(ki +£3)* + 1) u(z,y).
Here, k1, ke € N4 and « > 0 can be arbitrary.

In our tests, we choose the parameters k1 = k3 = 1 and v = 1. In order to verify our improved
estimates ([L1]), we focus on two combinations of polynomial orders, k =1 € N, and k =1+1 € Ny. The
coarsest mesh is shown in Figure [ll. The convergence history for all the variables in these two cases are
shown in Tables and Tables f to @ respectively.

We see from the results that the convergence rates for both u and z in both L?- and H'-norms are
optimal for k = [ or k = [ + 1, and the convergence rate for f in L?norm is min{k + 1,/ + 1}. This

agrees with our improved estimates ([L1[) well. Moreover, the errors of both u and z are almost identical
in these two cases.

I

N

(3.142,3.142,2)

<

Figure 1: Coarsest mesh
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Table 1: Convergence history of ||u — up|| ;. with k=1

refine k=1 order k=2 order k=3 order
0 9.672e-01 - 1.214e-01 - 1.634e-02 -
1 3.536e-01  1.45 | 1.370e-02  3.15 | 8.958e-04 4.19
2 9.766e-02  1.86 | 1.567e-03 3.13 | 5.100e-05 4.13
3 2.505e-02  1.96 | 1.896e-04 3.05 | 3.051e-06 4.06
4 6.302e-03  1.99 | 2.349e-05 3.01 | 5.514e-07 2.47
5 1.578¢-03 2.00 | 2.944e-06  3.00 | 5.833e-07 -0.08

Table 2: Convergence history of |u — up| g with k =1

refine k=1 order k=2 order k=3 order
0 1.579e+00 - 4.712e-01 - 1.016e-01 -
1 8.607e-01 0.88 | 1.296e-01 1.86 | 1.324e-02 2.94
2 4.351e-01 0.98 | 3.340e-02 1.96 | 1.655e-03  3.00
3 2.180e-01 1.00 | 8.420e-03 1.99 | 2.060e-04 3.01
4 1.090e-01 1.00 | 2.110e-03  2.00 | 2.576e-05  3.00
5 5.452e-02 1.00 | 5.277e-04 2.00 | 4.189¢-06  2.62

Table 3: Convergence history of || f — ful| ;. with k=1

refine k=1 order k=2 order k=3 order
0 1.282e+00 - 1.489e-01 - 2.925e-02 -
1 3.482e-01 1.88 | 2.215e-02 2.75 | 1.753e-03  4.06
2 8.721e-02  2.00 | 2.932¢-03 2.92 | 1.016e-04 4.11
3 2.177e-02  2.00 | 3.724e-04 2.98 | 6.257e-06  4.02
4 5.440e-03  2.00 | 4.682e-05 2.99 | 1.616e-06 1.95
5 1.359¢-03  2.00 | 5.996e-06 2.97 | 1.658¢-06 -0.04

Table 4: Convergence history of ||z — zp ||, . with k =1

refine k=1 order k=2 order k=3 order
0 1.282e+00 - 1.489e-01 - 2.925e-02 -
1 3.482¢e-01 1.88 | 2.215e-02 2.75 | 1.754e-03  4.06
2 8.721e-02 2.00 | 2.932e-03 2.92 1.015e-04 4.11
3 2.177e-02  2.00 | 3.724e-04 2.98 | 6.082e-06 4.06
4 5.440e-03  2.00 | 4.677e-05 2.99 | 1.635e-06 1.90
5 1.360e-03  2.00 | 5.859e-06 3.00 | 1.701e-06 -0.06

Table 5: Convergence history of |z — 2|1 with k =1

refine k=1 order k=2 order k=3 order
0 3.072e4-00 - 9.391e-01 - 2.030e-01 -
1 1.696e+00 0.86 | 2.592e-01 1.86 | 2.647e-02 2.94
2 8.666e-01  0.97 | 6.680e-02 1.96 | 3.310e-03  3.00
3 4.355e-01 0.99 | 1.684e-02 1.99 | 4.121e-04 3.01
4 2.180e-01 1.00 | 4.219e-03 2.00 | 5.156e-05  3.00
5 1.090e-01 1.00 | 1.055e-03 2.00 | 7.958e-06  2.70
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Table 6: Convergence history of |u — upl|;. with k=141
refine k=1 order k=2 order k=3 order
0 1.151e+00 - 1.407e-01 - 1.715e-02 -

1 4.284e-01 1.43 | 1.491e-02 3.24 | 9.194e-04 4.22
2 1.183e-01 1.86 | 1.619e-03 3.20 | 5.151e-05 4.16
3 3.034e-02  1.96 | 1.913e-04 3.08 | 3.060e-06 4.07
4 7.632e-03 1.99 | 2.355e-05 3.02 | 5.514e-07  2.47
5 1.911e-03 2.00 | 2.946e-06 3.00 | 5.833e-07 -0.08
Table 7: Convergence history of |u — up|y: with k=141
refine k=1 order k=2 order k=3 order
0 1.721e+00 - 4.775e-01 - 1.023e-01 -
1 8.939¢-01  0.95 | 1.300e-01 1.88 | 1.326e-02 2.95
2 4.398e-01 1.02 | 3.342¢-02 1.96 | 1.656e-03  3.00
3 2.186e-01 1.01 | 8.421e-03 1.99 | 2.061e-04 3.01
4 1.091e-01 1.00 | 2.110e-03  2.00 | 2.576e-05  3.00
5 5.453e-02  1.00 | 5.277e-04 2.00 | 4.189¢-06 2.62
Table 8: Convergence history of || f — ful/;. with k=1+1
refine k=1 order k=2 order k=3 order
0 1.934e+00 - 4.793e-01 - 1.068e-01 -
1 8.684e-01 1.16 | 1.244e-01 195 | 1.373e-02  2.96
2 4.169¢-01 1.06 | 3.125e-02 1.99 | 1.730e-03  2.99
3 2.063e-01 1.01 | 7.817e-03 2.00 | 2.167e-04  3.00
4 1.029e-01  1.00 | 1.954e-03  2.00 | 2.715e-05  3.00
5 5.142e-02 1.00 | 4.886e-04 2.00 | 3.772¢-06  2.85
Table 9: Convergence history of ||z — zp||,. with k=141
refine k=1 order k=2 order k=3 order
0 1.239e+00 - 1.437e-01 - 2.918e-02 -
1 3.217e-01 1.95 | 2.190e-02 2.71 | 1.753e-03  4.06
2 7.894e-02 2.03 | 2.923e-03 2.91 | 1.016e-04 4.11
3 1.959e-02  2.01 | 3.721e-04 2.97 | 6.083e-06  4.06
4 4.887e-03  2.00 | 4.677e-05 2.99 | 1.635e-06 1.90
5 1.221e-03  2.00 | 5.859¢-06 3.00 | 1.701e-06 -0.06
Table 10: Convergence history of |z — 2| with k=1+1
refine k=1 order k=2 order k=3 order
0 3.094e+00 - 9.405e-01 - 2.030e-01 -
1 1.703e+00 0.86 | 2.592e-01 1.86 | 2.647e-02 2.94
2 8.678¢-01  0.97 | 6.680e-02 1.96 | 3.310e-03  3.00
3 4.356e-01 0.99 | 1.684e-02 1.99 | 4.121e-04 3.01
4 2.180e-01 1.00 | 4.219e-03  2.00 | 5.156e-05  3.00
5 1.090e-01 1.00 | 1.055e-03  2.00 | 7.958e-06  2.70
4.2 Example 2
We consider the optimal temperature control of a strict subdomain, where 2 = [0,4]? and Qy =

{(z,9):0< (x —1),(y — 1) < (z — 1)+ (y — 1) < 1}. The target temperature on {2 is set to ug(z,y) =
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1. We present the numerical results with weighting parameter v = 107%,107!,10~2 in Figures E to H
on the same mesh, with polynomial orders k = [ = 2. It is evident that the smaller ~y is, the better u

approximates ug on {2g.

0.06429

0.03214

0.01607

0.1463

%0 0189p3)

0.07314

S

0.03657

-1.326e-1

b bl
(a) un
0.1463
% O1dgp3)
0.07314
0.03657
. ,
& b
(c) zn (d) (un —uo)la,
Figure 2: Numerical solution with v = 1079
0.4227 0.959
% &3 #7227) %0 07 09)
:féx&; 0.2114
ORI
) ‘21’2?3%?3 5§$ 0.1057
2 0 2 -8.108e-1
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Figure 3: Numerical solution with v = 1071
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Figure 4: Numerical solution with v = 1072

5 Conclusion

In this project, I studied the PDE-constrained optimal control model for static heating. The problem
minimizes the L?-error between the unknown u and target temperature ug on the subdomain Qg C
regularized by the control cost, which is modeled as the L2-norm of f, under the static heat equation
constraint. First, I derived the weak form of the optimality condition and proved its well-posedness. Then,
I discretized it using a conforming Galerkin method, and proved the discrete well-posedness for a special
combination of finite element spaces. Later, I proved then a priori error estimates in the energy norm,
and improved it using the Oden—Nitsche technique. Finally, the validity of this numerical discretization
is displayed by several examples.
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