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1 SPACE DESCRETIZATION 3

N TP FIWTIR B AL TS FIH 2k — 1 Mgk iR ) A kAN ae it , JA 1480 L
ke MR i, 0 < r <k — 1 BIEEANIEL, AT R SR T Bl IR o
k—1
LR G, B w e O oy, @i pyp], —EAENAERI D 20, Y do =1
r=0
15
k—1
u(z) = Zdrur(x) +0 (Ax%_l) (1)
r=0

M4 AESE IR S, WA R Taylor I LA 2400%, FIREFAAEM R d, < 0, IXEFARE
REE RO, SRERY, FESHRAE. H2, MREEEINAE RE 4., S E
FHEERA O (Ah) MRZEN, FILIRATRA R LU IS 25 m iR 2R .
RERMNCEANAERE d. > 0 (TR EE 2k — 1 Bl B Godunov EHE, HIf (£
k-1
) KB 2 BHA 1 W RalnzRzE, I EATHREEDRIERE R w, i 0, >0, Y w, =1,
r=0
HYu REEHEE, w, =d, + O (AzF ). R2HTHBINFE o %N (2k — 1 Mgk
) B RN ZE R O (A1),
FAT w, = 20—, H a, = (€+dﬁr 7 Hep e =107 CHTBIIERER 0), B, REIEE T
o IR, w2 des Y u AR, w ~ 0. FEEE degp;, < k—1, FATATLUEHL:

k—1 l 2
o= A [ (L)) ao @)

=1 Ii

k—1
pile) = 3 wnpi(2) (3)
r=0

NG E 2 .

Eid: M u ERIEE, ZgRNS, HAE SRS, %8 TVB HilfF 26 -1
B J S A T R 2
1.2 HETHESEHSE

TE S ITIIE

Us;

1
= Ac /I u(x)dx 4)
I HL IS RS RR 42 HE DX TR T AR 45 AR S .

FATHI H 5. FFH B IC R A RfE

W U(z) N u(r) FIEREL WD

U(z) = / " udt (5)
W Py () X Uz) FEXNT kAN X AR
SZ(T) = {Ii—Ta e 7Ii77‘+k71}

(F k+ 1 RUBEER
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EWEZ E xKIEEZHE BA:

o pir(x)= %PLT(CL’) Mou(@) £ L, i—1<j<i—r+k—1 RRRICIEHSE.

o U(x) = Py,(z)+ 0 (AzFH), # ue P

o u(z)=pir(z)+ 0 (Az%), #HueCF H o 22X Tixl (H 2 WG R 2 e ).

[F, AR
U pp0] = ©)

H U BB LAYEON 0, BrBA3ATTAT A S ESCEBIR 70, H ENO/WENO Hid M
M SEE 2 OG0 MARFSRS, BIRSEL S RE o "1 S,

1.3 HEEHREHERE
Fi: 4o u 28 IE A oy OB wy SRECBDEE G, = 8 (e tirp)s 8

yi=!
1

VeI BRSO, 7R AR, FRAT LSS SRR (SO R .
VEREE: MRAFE R h(x) 15

u(w) = 57 [ me)ag = 0
e 1 A A
u’(m)—m<h<x+2>—h<x—2)> (9)
TRATE
W(@) = - (P = by ) + O (Aah) (10)
U1 = hyyps + 0 (Ac*) (11)

RITT, IX &R AR 28 5640 485 e e

PR Ry = wj, F ESCH ENO/WENO ##7E I, FIREUBAR, =i hj_l il ho, . B
ﬂo 2 2
1.4 WENO HEEH
1.4.1 [EEBRROIHEERS

WIEREMN ke Ny, &RE— MR Si(” ={xi - @i pyn1} 1 x € I; KEBIEME LR N:

wir( Z Ciprj(X)Ui—pyj + O (Al‘k) (12)

K 0<r<k—1, ¢irj(x) € Rg[z]. 1 Lagrange 2 HAdh{E 2 13-

k—1

L — Tj—r+m
Cirjlx) = H + (13)

Tj—r4j — Li—r+m

m=0
m#j



1 SPACE DESCRETIZATION )

1.4.2 WENO H{EZ M

T u(z) 7 LRI b ARG ERIZ R wp(0), 0 <r <k — 1, HHHE 2T
B, AETEME— RS (LS U d, (x) 148

e
—_
B
e

-1
ui(x) = > dip()u, () = ' i ()i (T)Uimr; (14)

—_

ﬁ
Il
o
-
Il
=)
e
Il
o

e Ul 8 AR u(z).

VEEE: ERAY TR KR S; = {i_pet, - Tisw1 ) BT 2k — 1 MRS R, F
B, S KHHEEE RECN & (0) € Rop_1[z], 0 < 7 < 2k — 2 (MMM 2k — 1 By, ABE
Nk —1ERRE), BatF0<i<2k-2, fA:

Z Cirrtj— k+1( )dlr<x):a7j(x) (15)

max{0,k—j—1}<r<min{2k—2—j,k—1}

WAL, XFF0<j <2k —2:

2k—2—r
> [[ ek
i,7r

XTi_— — XT;_
max{0,k—j—1}<r<min{2k—2—j,k—1} m:k;r—l imktg+l T Pimktmtl
m#j

2k—2 (16)

_ H L = Ti—k4+m+1

m=0 Li—k+j+1 — Ti—k+m+1
m#j

mmmmﬁ&ﬂ, A g, (x) R S FARE w(z), B UFZLSY) =8, BrA—EfF

E%ﬁﬁ@m)ﬁﬁ§j¢m”(n$§tﬁ@u@ym@ Ve, dip(z) € Ry[z]. B, %

ITFH% H d;,(z) AN u,( ) WG FE
B pf,, (x) € Ryyalz] ATE Umtd s&) R w(z) MEHR, 0<m<m+d<k-1, &
i1 LR ig

p?m(a:) =uim(z), 0<m<k—1 (17)
d L= Ti—m—d—1 d Li—m+k—1— L d
pii (@) = — e P () + Pimy1(x)  (18)
Ti—m+k—1 — Ti—m—d—1 Li—m+k—1 — Li—m—d—1

S0, B () :pﬁgl(z) RIAT . e FRATIE VT LAgE H d; - (x) B)— ikt
o F:
1, t=1

Aigmp(v) = —E=0dm oy <0t £ 1 (19)

Titm+t—Titm’

Mj m > 0,t#1

Ti4+m —LTi+m—t

T j=1 (20)

k—1
> I Xy prj—1(z), k=2
di’r(l') =
17 k; — 1
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Hf . ={my, - mp_ 1} BUB {k—1,--- Jk—1—r;—k+1,--, —r} MRS REEE 4
SHEEIGEHES, 3t (M0 A Bltn: {-2,4, -3, -4}, {-3,-4,3,4},{2,3,-3}.

N
k | order | &AL d; . (z)
1 1 di’o(x') =1
T—Tj—1
dio(z) = Eop——
2 3 it —z
oz
dl’l(x) T4 =T
T—Ti_g  T—Ti_1
dio(z) =
“0( ) Ti42—Ti—2 Tit2—Ti—1
3 5 dig(z) = —S-%i=2 o Tipo—x  w—mi_o
i1 Tito—Ti—2 Tit2—Ti—1 = Ti42—Ti—2 Tit1—Ti—2
Tiy2—T Tip1—T
dio(x) =
172( ) Ti42—Ti—2 Ti41—Ti—2
T—Ti_3  T—Ti_a  T—Ti_1
d;o(z) =
Z’O( ) Ti43—Ti—3 Tit3—Ti—2 Tit3—Ti—1
d' (.7/') _ T—T;—3 T—T;j—-2 ZTi4+3—T T—T;—3 Ti4+3—T T—T;—2 Ti4+3—T T—T;—3 T—T;j—2
4 7 i1 Ti43—Ti—3 Tit3—Ti—2 Tit3—Ti—1 ' Tit3—Ti—3 Ti43—Ti—2 Ti42—Ti—2 | Ti43—Ti—3 Tit+2—Ti—3 Tit2—Ti—2
dio(z) = T—Ti-3 _Ti43—T _ Tit2—T Tiy3—T T—Tj—3 _ Ti42—T Tiy3—T _ Tigo—T T—Ti-3
©2 Ti43—Ti—3 Tif3—Ti—2 Tit2—Ti—2 = Ti}3—Ti—3 Ti42—Ti—3 Ti42—Ti—2 = Ti43—Ti—3 Ti+2—Ti—3 Tit1—Ti—3
dis(z) = Ti43—T  Ti42—T  Tip1—T
i3 Tip3—Ti3 Titp—Ti3 Tip]1—Ti-3

KL k=1, ,4 BILHEN d;,.(2)

RIS, di () R (26 — 1) x k (9858 J7 R,

H di(x) = (dig, - dig—1)" (), €)= @i, Cion2) (),

Cik—1,0(2)
Cik—2,0() Cik—1,1(x)
cito(®) : Cik—1,k—2()
Az($) = ci,gjo(x) Ci,171(x) . Ci,k—Q,k_Q(aj) Ci,k—l,k—l(-r) e Rk,l[l‘]@k*l)m (22)

¢i0,1(z) 3 S Cig—2k—1()

Ci,O,k72(x) Ci,l,kfl(x)
Ci,0,k—1(2)

VEIC: BARRRMLE R, HRRE ¢ (z) BE X ARZTRR — AR, B R T
BRI b x k BR =T 7R RIT

1.5 WENO EMHEH
1.5.1 [EEBRRNEMRERY

BEREN ke Ny, WA ST = (g, 2ipep1)} 76z € I RAIIEHIGERA:

wip(x S Ciyrj(2)Ui—pyj + O (Aaj > (23)

)_l

2,7

=0

.
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Hpo<r<k—1, cipj(z) € Ryq[z]. EHITHL:

b ZI;TQL qg:?gl
(@)= > — : Azirqj (24)
m=j+1 ll:[() (‘,I“‘z—r—&—m—l xz—r—l—l—%
l#m

1.5.2 WENO EM#Z MR

T u(a) £ ESCTH) B MR EREE R wipr(z), 0 <r <k —1, BHEE 2 TN M1
W, AEME—I R (NS WAL, NEERE) d;,(z) 513
-1
w(@) =) dip(x)uip(z) = i ()i () Wit (25)
J

VERER: ERAS T IR S5 = {i ka1, @ipho1} BT 2k — 1 N EMIOSE R
b, Wi KB EMREON G (x), 0< j <2k —2 (WM T 2k — 1§, EBEN k-1 BR
MIRE), A

x>
=
End
En
=

,3
I
o
3
I
o
|
o

2%—2 k—1k—1
> @ik = > dig ()i (2) Ty
=0 7—0 j=0
2%k—2 (26)
= > i () €tk 1 (T) Uil
J=0 max{0,k—j—1}<r<min{2k—2—jk—1}
= Z Cirrti—kt1(T)dip(x) =G j(2), 0<j<2k—-2 (27)
max{0,k—j—1}<r<min{2k—2—j,k—1}
Kt d; () W2 (2k — 1) x k R E 7 R4 :
Ai(z)di(z) = () (28)
Hh di(z) = (dio, -+, dig—1)" (2)s Ei@) = (G, Cion2)” (2),
Ci,kfl,(](x)
Cik—20)  Cirp—11(2)
ci,0() Ciho—1,k—2(2)
Ai(r) = | coolz) cai(x) - cip—2k—20) cir—1h-1(x) | € Ry, [x] BE=Dxk - (29)
¢i0,1 () s S Cip—2k—1()
ciok—2(x) cip—1(z)
)

Ci,0,k—1 (l'

Hid: BARATREHLE, ERRE ¢,y (x) KFIE G MR amE i, FIHRE
ZORME—A b x k B =T 5 RE4LET ]



2 TEMPORAL DISCRETIZATION 8

2 Temporal discretization

fii ] TVD/TVB Runge-Kutta H#EATE A& #, BEBHECNVE TR w = L(uw) = L(u) +
O (AzF) (RZE 24 u IR L),

Hbr: $2) kA Runge-Kutta TVD B8] 255,

WP Buler MATHEERM At < Aty B2 TVD B (||| HFEEARY 1), £
At < cAty BT (¢ 8 CFL #0), FJEXFN AN BT Runge-Kutta #5 2.

— i

D = Z (aiku(k) + AtS; L (U(k))> , I<i<m (30)
k=0
w® =y, M) = (31)

R ZH aup, B > 00 TBAREE Buler ¥25 (AT HMA S . HATEA, z oip = 1.
B 0 W H0 A ST S AL AR, BRBLE CFL A1, 2 ¢ c min 224 e
fag, FATTPAE ¢ = IIllIl |5Zk|

Bk <0, W4 %%ﬁﬁﬁ L WM T L(FJS Buler H TVD), HX G TFE: u =
fw)e. W, W5 LA LI R AR A IEEFA R, B P IR f(u), B
o TVD Runge-Kutta 2, c¢=1:

uM =" + ALL (u™) (32)
1 1
ntl _ ~ n = (1) (1)
u 5 U + 5 U + 2AtL (u ) (33)

e TVD Runge-Kutta 3, c¢=1:

ut) = u + ALL (u™) (34)
1 1
u® = Zu” + Zu(l) + AL (u(l)) (35)
1 2 2
ntl __ -, n <. (2) 4 (2)
u U + U + 3AtL (u > (36)

o TVD Runge-Kutta 4, ¢ = 0.936.

F_E4r Hyperbolic Conservation Law

25 Rt~y MEE ] L

)
S+ Vo F(u) =0 (37)

3 One dimensional WENO procedure

KX 18] [a, ] SFERRIM AL N AN XA



3 ONE DIMENSIONAL WENO PROCEDURE

3.1 3 M WENO Z=#372

s O u(z) 1F o LIOHUE w, SEUEIEE G, B, 5 o 2EIEH.

Bert ~ Wi =u/(z;) + O (Az?)
Az o E
Bk A 3 B WENO S SIMAEA I o, o ATLIMEERE o .
2
L BN R wi1, i, Wit Uiga-
2. AE w1 AV 4 AMEE 2 RURBUE L
— 1 1 A_ 1
u“r,(;) R + QUi+l uz+(§11) = Uit + o Ui
~+,(0 1 1 1
u:;(%) - 5“”1 + 5“@'7 J;(%) = —§Uz‘+2 + §Ui+1

3. WEEHE AT, A RRARLIERL:

Bo = (ui —uit1)?, B = (uii1 —u)?; Bo = (uir1 —u)?*, B = (uir2
2 1 2 1
3 3 ~ 3 —~ 3
ag=—3——, g =-—3>—: Gp= —3—, g =—"-"o
(e + Bo)? (e+ B1)? (e + Bo)? (e+B1)?
(&) a1 e 620 ~ a1
wp = , wi = ; Op==—=, W==—=
ap + aq Qo + oq ap + aq Qg + aq
4. ERTEEEER 3 i WENO Uzfil:
~ ,(0) ~—,(1), ~  _ ~ ~H0) |~ (1)
u+é —w0u+2 +w1u+% uH%—wouH% +wlui+%

i,
. 3 WENO #RAEIEWSN AR e (GB10) FIBL%.

(40)

- ui+1)2

o 3P WENO # M SN S4Bt ¢ FIIUVETT A KR (W e = Az? 1E f(u) = u

I RIS ).

3.2 5 WENO Z=#372

5 3 fr WENO 28, BATFHEZSH 5 fr WENO B RELLRE. Hd, &

HHEAME T 343 51‘%1‘)520

[ 5 BRI AA 45
ﬂ;(?) ;Uz + 2Uz+1 éui+2> a:;,(%o) = %uiﬂ + %Uz - é“i*
ﬂ;éll) = _%uifl + %uz + %Ui+17 ﬂ:r(%l) = —%Ui+2 + 2u@-+1 + Ui
ﬁ;r(;) = %uzez — guiq + %Uh 17:;(512) = %Uws - gUiJrQ + %WH
LRI «
Po = % (i — 2uig1 + uig2)” + % (3u; — duit1 + uiga)’

19021.6.22

N a; 1



3 ONE DIMENSIONAL WENO PROCEDURE

13 1
B1 = 1 (wim1 — 2u; + Ui+1)2 + 1 (i1 — Uz‘+1)2
13 , 1 )
B3 = B (wi—g — 2uj—1 +u;)” + 1 (ui—o — 4uj—1 + 3u;)
0.3 0.6 0.1
o) = 77—, o= —, )y = ———=
€+ 502 ' (e+Bu)? (€ + B2)?
oy
Wr = =3 , r=20,1,2
Zj:(] a@;j
13 2 1 2
Bo = (Uz+1 2ui +ui—1)” + 1 (Buip1 — 4w + ui—1)
~ 13 1
B1 = (U1+2 Quip1 + ui)? + 1 (uive — u;)?

~ 13 1
B3 = 12 (wit3 — 2uito + ui+1)2 + 1 (Uit3 — duipo + 3m+1)2
~ 0.3 - 0.6 ~ 0.1
o) = ——=, ] = ———=—, =
(e + Bo)? (e + B1)? (e + fBa)?
~ y
Wy = 3 < r = O, 1, 2
ijo Qj
AR5 By WENO 3z
2 2 .
_ ~ (T
i+l = =D wu % % = ZW‘H%

—0
3.3 A BHE{—Lax Friedrichs BE5 %

ST ER ¢, EET 2 f (u(z,t).
KA Lax-Friedrichs J# &4 2 HHEVE B £ -

F) = FP @)+ F ), ) >0, S (w) <0
FE() = 5 (F(u) + o)
o = max | ()] = rmae |1 (u(e, tn))] 2 mase |/(u)

Horb, f R A BB, R AT B
Bk Lax-Friedrichs &7 #+ R EE &

L AT EES RS o = max, If/(u?)], Bl a=1.01 Jpax [ ()]
2. HiN fH(u J> j=i=Lii+1, 7 kB WENO ZWEL .

3. FAN f(ug), ]
4. A, G EEIEE f, —fﬂ + 7
IR véﬁzﬁUEDﬁ

o (e t) = - (Eﬁ -

VRIS, SRR BT LO:

) B E [\ R Euler #2004

=i4,i+1,i4+2, i/l k B WENO iz {el f_

10

(59)

(60)
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3.4 BiEEEL

B REATRI RIS H, FER) [0, T) SR AN 0=tg <+ <ty =T, MK At=1L.
KHLLF TVD Runge Kutta %ik:
e 2 [ TVD Runge Kutta 5%, c=1:

ut) = u™ + ALL (u™) + Atg" (61)
2 2 2 2

e 3 TVD Runge Kutta Hi%k, c¢=1:

u) = u™ + ALL (u") + Atg" (63)
3 1 1 1
2 — 2,n 4 —,) 4 = (1) LAl
u 1Y + 1Y + 4At£ (u ) + 4Atg (64)
1 2 2 2 1
ntl _ - n 2 (2) 4 2 (2) “ n+s
u U + U + 3Atﬁ <u ) + 3Atg 2 (65)
R¥E Courant-Friedrichs-Levy 251F, AT ZHL:
At ,
A )| < 66
A ol @D < (66)

il
o OfERIRSIRIL AR, —ERHER RN, Runge Kutta SVER M2 51— el S
PEARIIR R (RIS AR AR SCRR 7 4 R g AR B, SR BEONE TS P A u), u® 20,
R T35 560, BRIRETOFAFT &L F IR ZE

3.5 Algorithm for the WENO procedure in 1D

Algorithm 1 1-dimensional WENO-3 for u; + f(u), = 0 on uniform grids
Input: f(u), up(x), g(z,t), boundary conditions(BC), [a, b], stopping time T', N, M
Output: »}', 1<i<N,0<n<M
1: Ameb*T“, Ate%, J:ieaJr(if%)Ax, tn < nAt;
cu(l:N,0) < ug (xz(1: N));
:for j=0: M —1do
u(l:N,j74+1) «<TVDRK(u(l: N,j),L.g(x,t),x(1l: N),t,At);
end for
return u(l: N,0: M);

[\V]

@ ¢ @
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Algorithm 2 Time-forward-with-TVDRK3 (TVDRK3)
Input: u(l: N), L, g(x,t), (1 : N), t, At //L is the spatial discretization operator for

approximating
Output: v(1: N)
uM(1: N)  u(l:N)+ AtL (u(l : N)) + Atg(xz(1: N),t);
2: u@(1:N) « 3un(1: N)+ 2 (uW(1:N)+ At (L (uP(1: N)) +g(2(1: N),t+ At)));
3 v(l:N) <+ u(l:N)+ (u<2>(1 N) + At (L (u@(1:N)) + g(z(1: N),t+ 3A8));
4: return v(1l: N);

—_

Algorithm 3 Time-forward-with-TVDRK2 (TVDRK2)
Input: u(l: N), L, g(x,t), (1 : N), t, At //L is the spatial discretization operator for

approximating
Output: v(1: N)
1 uM(1:N)  u(l: N)+ AtL (u(l : N)) + Atg(x(1: N),t);
2: v(1:N) « su(l:N)+ 1 (uW(1:N)+ At (£ (uD(1:N)) +g(z(l:N),t+ Ab));
3: return v(l: N);

Algorithm 4 Spatial discretization operator £ (£)

Input: u(1: N), boundary conditions(BC), Az

Output: v(1: N)
1: (b_1,bo,bn+1,bNn+2) < Handle-Boundary(BC)(u(1 : N));
2: w(—1:N+2) <« (b_1,b0,u(l: N),bnt1,bn+2)
3: farr = f(w(—=1: N +2))
4: a + max | f'(w)l;
5 ve(—1: N +2) =L (farr(—1: N +2) £ a(b_1, bo, u(L : N),bys1,by+2));

//Lax-Friedrichs flux splitting

6: flux (0 : N) <~Reconstruction(v,(—1: N + 2) left); [/ flux (i) = v;H%
7. flux®(0: N) +Reconstruction(v_(—1: N + 2),right); /] flux™ (i) = v+?l+%
8 v(l:N)+ &= (fluz  (0: N —1)— fluzl (1: N) + fluzt(0: N — 1) — fluzt(1: N));
9: return v(1: N);
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Algorithm 5 WENO3 Reconstruction v on the cell boundaries (Reconstruction)

Input: u(—1: N + 2), direction
Output: v(0: N)
1: if direction == left then

2. fori=0:N do

3 approw(l)::fﬂﬁigﬁilk approw(2) = ~Hi=Dt3u0)
4: B(1) = (u(i+1) —u(@))®, B(2) = (()—U(@—l))
5: weight(1) = (e+25/(31))2’ wezght( ) = (6+1B/(32))2

6 () = et

7. end for

8: else

9: fori=0:N do

10: approx(1) = 7u(i)+g(i+l), approx(2) = M
11: B(1) = (u(i+1) —u(i))*, B(2) = (u (Z+1)—U(Z+2))
12: weight(1) = (e-s-QB/(?;))?’ weight(2) = (e+1ﬁ/(?;))2
o) = oo

14: end for
15: end if
16: return v(0: N);

4 Multi dimensional WNEO procedure

#1& D CR? B D =la,b] x [¢,d] KB, BHKIA N, x N, BT R/R P

a:x%<w%<---<ajN$+%:b, c:y%<yg<~-<yNy+%:d (67)
T;_1 TTL Y1ty 1
O e e ) D DI CHEY (69)
2
Ar =z, 1 —x;_1, Ay:yﬂ_;—yj_;, A = max {Az, Ay} (69)
2 2 2 2

4.1 Spatial discretization

TA TR LR T RO :

d fivs

at T - Ax Ay
Yk 5 RAEE, 58 EIHT 2 f(u(e,y,1), £ F(u(e,y, 1) (HEBLEA & Brsm.
HEREIER, ROVAFEERG A (24, y;) WA LS, SHEH g . Mk
I
1 REERIL S, WA REA AT
z.w%ﬁewud>iﬁfiuﬁmf(ﬁgﬁﬁkgﬁ%,ﬂm SRR — 4t 52 A A ).
3. WE o, y TR, BUR BRI, SR BT L.

i " Hics Gigel — 91

(70)
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5 Characteristic-wise WENO procedure for systems

285 RO 7 PR A ] L
u + f(u)z =0 (71)

HuweR™, f:R™— R™.
A Bk — AU 25, FTLA f 19 Jacobi JEFE £ € R™>m™ J2ul LLseBont fith, AT
HARIE T BN TTE R(u) € GLy(R), XN RFEE ST A 7R N Au), HE:

R (w)f'(u)R(u) = A(u) = diag (M (), -+, A (u)) (72)

BA1E R(u) 11551, WE) Jacobi B £/ MIARER &E4:

R(u) = (ri(w) ma(w) - ra(u)) (73)
FIEHE R (u) IEAT, HED Jacobi B £/ I 72 RFAIE A & :
b (w)
R (u) = IQ(:U) (74)
e

5.1 Spatial discretization

WFE—ANEEN i, i=0,--- , N, BATHWF I HEEE B AH% P E A o
HAETHE A Tyl LRI (GEACL) BUE, FRATAT DA

o BIH: f(u, )R f’(“ Yitlerly (SR BRI, BONTTE)

« Roe HfH: f(uz+1) Flui) = w1 (wipn — w).
BIGIEL £ (u,, ) BPRSAESAE:

R ARy = Ay = ding (A0, (7)) (75)
1E iyl BT 7 1R 5 RSP IR T
u+ f(u)u, =0 <= wu; + R¢+% <Ri+1§f’(u)Ri+§) R;rl%ux =0 (76)
W g(v) = R (R yv) v = R w, LTI
2
R v+ R 19 (v)v, =0 <= v +9g(v); =0 (77)
Sl g'0) = R\ (R o) Ry ~ Ay A TRBER:
vt Ao, =0 <= v +g0) =0, 1<i<m (78)

/] Lax-Friedrichs & /72, % | MIEM R o = max |AO(w)).
u
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e N . _ — l N =,
BAE R, id g5 = Ri:%f(uj), v = Rij%uj, By = max )\Ei% » RIEB I EER
/g\i—i-%’ TR f¢+§ - Rz’+§§z‘+%'
A — /N . . .
F =89 Hamilton-Jacobi Equations
AHBar, BAIFEERH WENO J577%3K % Hamilton-Jacobi J7#2:
0
26 H (Vap) = 0
%P (Vazop) (79)
p(x,0) = go(z)

Hrh H(:) #& Lipshitz S BR%L
71d: Hamilton-Jacobi TREAREM A FVM; 1 H., ] WENO SRARRS A2 00 45 5K fif b6 i)
SHuHAT FDM ig@ir, HRAREIELMKE, A—ERELIERE.

6 Spatial Discretization

AR H monotone Hamiltonian #4714, H ¥, monotone Hamiltonian A H (-, ) W /&
o BEME: H ()= H(1,4), Hosiikxt a8 S 1.
o MEME: H (u,u) = H (u).
o Lipshitz &% XA FEAR Lipschitz E4E.
Flan, " LLER Godunov monotone Hamiltonian:

~

H (u_7 U+) = eXtuGI(u*,u*)H(u> (80)
minycgp), a<b

eXtuGI(a,b) - (@) <81)
maXye(b,a), « > b

WA LI# ] Lax-Friedrichs 7r%4:

7 (u=, ) :H(U_+U+> _ Ot —a) (s2)

2
a = max }|H'(u)‘ (83)

u€llu=,ut

T2, BAVR BN A8 TE (w15, 020, Tn) OB 520, AT FLL—4E WENOS5
MBI, g BARRSEBLUT %

HF H KT Vo MR, B RMEEE o LEM o, Hpu= 2o

A1

_ Pi — Pi—1

A = —T"+
@ s (84)

At _ Pitl — i
e (85)

s [ (=2 (56)
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1 Tit1
[ e =ate (57)

W, EKuE RFEEFRIH Ate, B, Bk, X+ WENO5, HATRFEM A-g; B u; FA,

Hj=i—2,-i+2, ISR o, . XSFRHL, B o B, FEA 9, j=i—1,-,i+3.
PRI, KRR 3 AN/IMERR, B3R A 6 AR
i .
FER4r Numerical Examples
7 Examples for General Hyperbolic Conservation Law
7.1 Example 1—A Simple 1D Linear Case
B EEE
ur + ugy =0, te€[0,1], z € [0,1]
u(z,0) =sin(27z), =€ [0,1] (88)
u(0,t) = u(1,1), t €10,1]
Gy R AR
u(x,t) = sin (2w (z —t)) (89)
il FRATERIGNT, o 78 [0, 1] SN s HUE I8 S A AL 3
ffiFl TVDRK2/3 i (812 H, 3 B WENO s [ Bk, BN In2 5 X
k+3 5
s, At _
Bef, At — ol
N L? error L? order L™ error L™ order
16 0.27299579947968716 0.0000000000000000 0.37640745041025647 0.0000000000000000
32 0.10812570032129067 1.3361692759193367 0.16638756084179451 1.1777476028729192
64 4.2210480337538353E-002  1.3570363252317466 | 7.5292054706546929E-002  1.1439780456761424
128 | 1.2399754218359477E-002 1.7672897221266535 | 2.8520650494934463E-002 1.4004907436909098
256 | 1.2045653158317584E-003 3.3637269956404285 | 4.3484429600030294E-003 2.7134360719016253
512 1.2381656356660268E-004  3.2822363946011026 | 5.1789593046169813E-004 3.0697647827525820
1024 | 1.8521292371395900E-005 2.7409476490335010 | 2.5266216744132541E-005 4.3573806595150106
2048 | 4.4661156907154966E-006 2.0520922414367888 | 6.3100409728560070E-006 2.0014883792607709
4096 | 1.1151898445393380E-006 2.0017312948669801 | 1.5771293141106368E-006 2.0003484166866228
8192 | 2.7878774065376595E-007 2.0000503015137028 | 3.9426639855092045E-007 2.0000582896088890
16384 | 6.9696894383645579E-008  2.0000008441235813 | 9.8566304496268929E-008 2.0000043199193382
32768 | 1.7424224382136717E-008 1.9999999349019288 | 2.4641574914531289E-008 2.0000000708149326

% 2: results for WENO3 with TVDRK2, periodic boundary, € = 1079, % =0.8

29021.6.19
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N L? error L? order L error L order
16 0.16850281978711509 0.0000000s000000000 0.27705174830915191 0.0000000000000000
32 6.6580589627490833E-002  1.3395991822562039 0.11620244546363667 1.2535150406922588
64 2.1770054004877026E-002  1.6127566604029884 | 4.7864368893342002E-002 1.2796164381785553
128 | 5.6322557287645653E-003  1.9505602412495748 | 1.6451007440321352E-002 1.5407761514678695
256 | 1.0530542076939210E-003  2.4191331366850197 | 4.0890284478339867E-003 2.0083459306064544
512 | 9.9066833097257524E-005  3.4100337593974541 | 5.1452664171858231E-004 2.9904404142972654
1024 | 4.9443906977129113E-006  4.3245374814724604 | 2.3988046342404701E-005 4.4228582103139944
2048 | 2.2232650934861665E-007  4.4750408620810092 | 7.7781798235587729E-007 4.9467392660393275
4096 | 9.9522708726051073E-009  4.4815104176709903 | 2.6092995653037576E-008  4.8976980988296468
8192 | 4.6917344982718719E-010  4.4068324723116241 | 1.0385429183301653E-009 4.6510298421930489
16384 | 3.3124400611704863E-011  3.8241551204019899 | 6.1454508148983678E-011 4.0788981803384958
32768 | 5.1738982689928316E-012  2.6785707564969790 | 7.6941786275597224E-012 2.9976796183271825
% 3: results for WENO3 with TVDRKS3, periodic boundary, € = 1079, ﬁ—; =0.8
WATRIN, bk 4 25 R B ARSI Jelhn 5ok b ik, T BT s 2 e T HEIgE

HCSH . XTS5 WENO R MIEUEA Y. MENIAE, /AT FIHEAT T LA 5. B
B, TP WENO BUEANEEM, T 2 M, KIWSHHHREAE, ZIIE 7
Runge Kutta %208 H ) IERPE .

N

L? error

L? order

L error

L*° order

16

6.7501127616801410E-002

0.0000000000000000

9.5265396299910765E-002

0.0000000000000000

32

1.7921263000490080E-002

1.9132392879395150

2.5314922775265258E-002

1.9119641891248549

64

4.5459503583751074E-003

1.9790184796964418

6.4264461522436436E-003

1.9778950355707907

128

1.1405635232760326E-003

1.9948351307903591

1.6128233839522062E-003

1.9944326811378001

256

2.8539431630927067E-004

1.9987182906475325

4.0359680006750789E-004

1.9986018202628586

512

7.1364370292039425E-005

1.9996807310428053

1.0092370815940541E-004

1.9996496158322121

1024

1.7842077889972947E-005

1.9999203259195710

2.5232460896484205E-005

1.9999122973130095

2048

4.4605810018531292E-006

1.9999800992932111

6.3082111526661065E-006

1.9999780608661981

4096

1.1151490942874272E-006

1.9999950271442468

1.5770587860398401E-006

1.9999945131287327

8192

2.7878751364415638E-007

1.9999987576514435

3.9426507173736993E-007

1.9999986269669321

16384

6.9696893381854736E-008

1.9999996901106671

9.8566291450091293E-008

1.9999996558046595

£ 4: results for WENO3 with TVDRK2, periodic boundary, fixed weights,

32021.6.22

At _
A =08
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18

N

L? error

L? order

L*° error

L*° order

16

2.6979274172364297E-002

0.0000000000000000

3.7880957754901856E-002

0.0000000000000000

32

3.4902816189739750E-003

2.9504361833490007

4.9268787014965509E-003

2.9427269489174983

64

4.3921396755229418E-004

2.9903476076081241

6.2085219661356383E-004

2.9883521945459672

128

5.4979439427140397E-005

2.9979598323209995

7.7743561376686365E-005

2.9974547505161375

256

6.8746311612402449E-006

2.9995379801224935

9.7219116960145513E-006

2.9994112626939775

512

8.5939410364296119E-007

2.9998905280696513

1.2153578876628046E-006

2.9998588219502555

1024

1.0742629451337337E-007

2.9999727166762691

1.5192344027248339E-007

2.9999648226666320

2048

1.3428450570051288E-008

2.9999824066645133

1.8990680028529994E-008

2.9999810081495295

4096

1.6787637048160515E-009

2.9998217678200993

2.3741137944455204E-009

2.9998305751655958

8192

2.1025684558128428E-010

2.9971744994483429

2.9733948636589957E-010

2.9972061174978637

16384

2.7104062470397434E-011

2.9555717627036455

3.8217429221276689E-011

2.9598084236634428

£ 5: results for WENO3 with TVDRKS3, periodic boundary, fixed weights, Ar

At

=0.8

WG, FHREEVEE S KPR self similar” (1T, AT WENO BUEF € = Az?.

HARFEIFEEATSE th RS K 2w T HARE, AR5 HHEin

FHAH,

S SE R AT

B ERERE, (HR2UR RS R

N

L? error

L? order

L*° error

L*° order

16

0.24775289683007723

0.0000000000000000

0.34173553359795550

0.0000000000000000

32

8.2160222502007482E-002

1.5923899322966741

0.13586984280444261

1.3306549906451548

64

1.3244220049231798E-002

2.6330772026472409

2.6956529156051623E-002

2.3335186196956319

128

2.4693169106270287E-003

2.4231789779674839

6.4325421371810299E-003

2.0671738436194338

256

4.2254394946487862E-004

2.5469386916589491

1.2030438052114123E-003

2.4186998276877096

512

8.2217515976654241E-005

2.3615837164120554

1.8317584861082814E-004

2.7153879703848123

1024

1.8569639373387799E-005

2.1464999865886583

2.5266290975767269E-005

2.8579434982129910

2048

4.5068145928289202E-006

2.0427657931490755

6.3103233131876768E-006

2.0014280664785327

4096

1.1180501881222337E-006

2.0111231490882422

1.5771907742358204E-006

2.0003567478939153

8192

2.7896900898594176E-007

2.0028081854472757

3.9427332113387004E-007

2.0000891789735120

16384

6.9708239769104604E-008

2.0007037570496808

9.8566807228781667E-008

2.0000222923571114

% 6: results for WENO3 with TVDRK?2, periodic boundary, € = Axz?, R =

At 0.8
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N L? error L? order L error L order

16 0.14928021869205679 0.0000000000000000 0.25285113298228912 0.0000000000000000

32 | 4.7740936623399108E-002 1.6447242289570529 | 8.6008967179207585E-002 1.5557292567342431
64 1.0956621730502670E-002  2.1234238319347845 | 2.5537371411478604E-002 1.7518770465368643
128 | 1.9993480655217319E-003 2.4542014816840791 | 6.1598585707001163E-003 2.0516409021818993
256 | 3.0164560392692509E-004 2.7286031896987928 | 1.1884635179563174E-003 2.3737996094503182
512 | 4.0316099028994177E-005 2.9034266011472285 | 1.8575700291356689E-004 2.6776091122880517
1024 | 5.1202362824750091E-006 2.9770737583251159 | 2.5107389183931517E-005 2.8872326789310088
2048 | 6.4174565151826604E-007 2.9961368672931963 | 3.1927075370141722E-006 2.9752597081262371
4096 | 8.0250392126348834E-008 2.9994212683174983 | 4.0014564706147837E-007 2.9961832829036847
8192 | 1.0031958955419817E-008 2.9999050910248246 | 5.0036801813035936E-008 2.9994637298537064
16384 | 1.2540620226078776E-009 2.9999227437298774 | 6.2560220337459782E-009  2.9996720812055235

% 7: results for WENO3 with TVDRK3, periodic boundary, € = Ax?, % =0.8
i TVDRK3 i B HL 5 I WENO 2B, it s k. O
N =283 M = [N%] k=1,

N L? error L? order L error L order

16 | 7.1854924773114698E-004 0.0000000000000000 | 1.0146106418015277E-003 0.0000000000000000
32 | 2.2851343038901571E-005 4.9747361748992267 | 3.2304431964669256E-005 4.9730502800511207
64 | 7.1704669971750305E-007 4.9940680672423676 | 1.0139658426222553E-006 4.9936511488416890
128 | 2.2433576817888649E-008 4.9983355139146317 | 3.1725161830920001E-008 4.9982377196820922
256 | 7.0164218097393896E-010 4.9987803707668164 | 9.9223429472772295E-010  4.9988028909312465
512 | 2.3310830746615501E-011 4.9116631566429563 | 3.2763902702015457E-011  4.9205017018987265

% 8: results for WENO5 with TVDRKS3, periodic boundary, e = 1076, At ~ Az3

S, WS TR AR BRI, U2 ) B R 3 I
A, FRATEER AL = 0.8, AR B RERrEE . 50, s A i ) B B s
3B, A B ) B 2 T 22

42021.6.19
52021.6.22
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L? error

L? order

L™ error

L order

16

9.5935247352502331E-003

0.0000000000000000

1.4314040113959647E-002

0.0000000000000000

32

8.5721663101213496E-004

3.4843292245852338

1.2011262302610293E-003

3.5749712461745919

64

9.4281710296676240E-005

3.1846100054378574

1.3211808541602199E-004

3.1844879032814846

128

1.1356971641738082E-005

3.0533997409932252

1.6007439115672817E-005

3.0450135403368650

256

1.4059262623393730E-006

3.0139853533178678

1.9859665044696939E-006

3.0108293271499806

512

1.7530988845043313E-007

3.0035416507840789

2.4778085350174450E-007

3.0027046733118952

1024

2.190030945952976 7E-008

3.0008842134964127

3.0966498920648178E-008

3.0002845260745903

2048

2.7372233472664928E-009

3.0001661926092251

3.8708662941644434E-009

2.9999799001677445

4096

3.4234593539952146E-010

2.9991863692339078

4.8413151265691567E-010

2.9991855665380029

8192

4.3203999589472891E-011

2.9862181032374049

6.1072258361605236E-011

2.9868099038701268

7.2 Example 2—1D Burgers Equation with a Source

% 9: results for WENO5 with TVDRKS3, periodic boundary, € = 1075, % =0.8

ug + (%)i = e'sin(2mz) (1 + 2me’ cos(2mx)), t€[0,1], z € [0,1]

2 8 ) i .
u(z,0) = sin(27z),
u(0,t) = u(1,t) =0,
RSN S

e, % max

Nk‘ — 2k+3

[0,1]x[0,1]

x € [0,1]
t € [0,1]

u(x,t) = e’ sin (27x)

HFid: FAVELIEES, o £ [0, 1] ZME) RUBUE BB RIME (Dirichlet boundary condition).
P max | f'(u)] = e. ZEM M = AN, JEHINHEINE 73

|f'(u)| = § =~ 0.6769. WLHEHRE o fhitt: o =1.01 k

62021.6.19

My, = 4Ny,

k=1,

(90)

(91)

x |f(up)) 8

ma.
SO
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N L? error L? order L™ error L order
16 0.45629139792942897 0.0000000000000000 1.0568776629105909 0.0000000000000000
32 | 8.3151195636607472E-002 2.4561465427641895 0.26896931158442472 1.9742949086044039
64 | 7.5463977006710896E-003 3.4618769699235958 | 2.8113268982845330E-002 3.2581184522158209
128 | 1.0991662572945641E-003 2.7793785117937788 | 4.5664153282210240E-003 2.6221172308269125
256 | 1.7542817668818832E-004 2.6474572290718585 | 8.4179111814972063E-004 2.4395278898671844
512 | 2.5812494398727933E-005 2.7647390186736129 | 1.6716125380492053E-004 2.3322218028409041
1024 | 3.4539201517360886E-006 2.9017629275531038 | 3.3197984186543461E-005 2.3320729373336406
2048 | 5.0384742108517013E-007 2.7771759137324743 | 6.6165084633904026E-006 2.3269536307413490
4096 | 6.9131827440187148E-008 2.8655649442986988 | 1.1658542402870342E-006 2.5046826781835265
8192 | 8.1269717468163148E-009 3.0885602786526980 | 1.7238426493204617E-007 2.7576874306169001
16384 | 9.3135627149365421E-010 3.1253128265124088 | 2.6226628865172463E-008  2.7165238100423035
# 10: results for WENO3 with TVDRK2, Dirichlet Boundary, e = 1076, % =0.25
N L? error L? order L™ error L™ order
16 0.45620138071299876 0.0000000000000000 1.0568125744481485 0.0000000000000000
32 8.3117412333242852E-002  2.4564481679259544 0.26883443255638706 1.9749297009121625
64 | 7.5448694395700445E-003 3.4615828990773414 | 2.8097812843004666E-002 3.2581881922781752
128 | 1.0989524507167068E-003 2.7793669704466488 | 4.5626824604192984E-003 2.6225036761163563
256 | 1.7533931870048175E-004 2.6479075129024463 | 8.4044149190193318E-004 2.4406629594685643
512 | 2.5775934241895210E-005 2.7660529235921203 | 1.6657794964984596E-004 2.3349499483293319
1024 | 3.4373837919909139E-006 2.9066418725268801 | 3.2960635144102524E-005 2.3373814917878590
2048 | 4.9765167420290880E-007 2.7881027388322828 | 6.5130779911895531E-006 2.3393326356845634
4096 | 6.6979850513868241E-008 2.8933372357121616 | 1.1216142363039416E-006 2.5377629361430372
8192 | 7.4035074007029941E-009 3.1774463437815981 | 1.5333654038510169E-007 2.8708031262479916
16384 | 6.9805666938167083E-010 3.4067928406924843 | 1.8320851708983343E-008 3.0651430560601085

% 11: results for WENO3 with TVDRK3, Dirichlet boundary, ¢ = 1079,

At

At — 025

HEURATIL, SERREIRIFAGE, FTRER UM AR T 3R, Barfes KOy BAT IR .

TR, AT R R T — R, B

B, REHSCLFAM, BATEWT 4 DR BNV, BB HBOR Z AR RN, 1

H L™ WHuR = HRARAR,

72021.6.22

WXL R, RIEIBEIREAH I © = 0.5 B
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N L? error L? order L error L order
16 0.45538313034960831 0.0000000000000000 1.0547657958482810 0.0000000000000000
32 | 8.2193485000551500E-002  2.4699848983751331 0.26548157323807431 1.9902390592154111
64 | 7.4583980014460158E-003 3.4620863537834601 | 2.7685472332128369E-002 3.2614106882436387
128 | 1.0910060492145570E-003 2.7732066846185033 | 4.5112596738058619E-003 2.6175268984829745
256 | 1.7439397309063613E-004 2.6452370131212217 | 8.3427480437520130E-004 2.4349357509195193
512 | 2.5695584833892893E-005 2.7627577891441448 | 1.6554288767421654E-004 2.3333176471348755
1024 | 3.4343016181991536E-006 2.9034318334036402 | 3.2921161779747576E-005 2.3301178745037756
2048 | 5.0079188727152831E-007 2.7777336536721564 | 6.5628634745781844E-006 2.3266179224704691
4096 | 6.8859289356093853E-008 2.8624879939401366 | 1.1602744878908000E-006 2.4998592751514814

2% 12: results for WENO3 with TVDRK2, periodic boundary, e = 1076, % =0.25

N L? error L? order L error L order
16 0.45538313034960831 0.0000000000000000 1.0547657958482810 0.0000000000000000
32 | 8.2193485000551500E-002 2.4699848983751331 0.26548157323807431 1.9902390592154111
64 | 7.4583980014460158E-003 3.4620863537834601 | 2.7685472332128369E-002 3.2614106882436387
128 | 1.0910060492145570E-003  2.7732066846185033 | 4.5112596738058619E-003 2.6175268984829745
256 | 1.7439397309063613E-004 2.6452370131212217 | 8.3427480437520130E-004 2.4349357509195193
512 | 2.5695584833892893E-005 2.7627577891441448 | 1.6554288767421654E-004 2.3333176471348755
1024 | 3.4343016181991536E-006 2.9034318334036402 | 3.2921161779747576E-005 2.3301178745037756
2048 | 5.0079188727152831E-007 2.7777336536721564 | 6.5628634745781844E-006 2.3266179224704691
4096 | 6.8859289356093853E-008 2.8624879939401366 | 1.1602744878908000E-006 2.4998592751514814

% 13: results for WENO3 with TVDRK3, periodic boundary, ¢ = 1076, % =0.25

N L? error L? order L error L order
16 | 2.1864705580037547E-002 0.0000000000000000 | 3.3982359898049763E-002 0.0000000000000000
32 | 8.3797801121912683E-004 4.7055477239698709 | 1.8572247668089403E-003 4.1935657135106004
64 | 3.0391451134319521E-005 4.7851749201164644 | 7.7785737725988291E-005 4.5774989582956405
128 | 2.2017563852444002E-006 3.7869388075429695 | 7.7425439004019658E-006 3.3286260933698357
256 | 5.0218227274969329E-007 2.1323718429440053 | 2.2065680064520254E-006 1.8110034461598827
512 | 1.3626600710158642E-007 1.8817853892234389 | 9.0373523233683306E-007 1.2878321391501364
1024 | 3.9110902303084939E-008 1.8007829874497034 | 3.8548652309469689E-007 1.2292197443206951
2048 | 1.1825265383752613E-008 1.7256982589367849 | 1.8331300492835378E-007 1.0723712834602377
4096 | 3.7698803184993442E-009 1.6492819325953707 | 8.6478787906726917E-008 1.0838909324301844

7% 14: results for WENOS5 with TVDRK?2, periodic boundary, ¢ = 1076, A

AL _ ().95
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N L? error L? order L error L order
16 | 2.1840702958432122E-002  0.0000000000000000 | 3.3850804835517279E-002  0.0000000000000000
32 | 8.2936250264489125E-004  4.7188726597258022 | 1.8183481783911049E-003  4.2184897564724801
64 | 2.8142986739968962E-005  4.8811554700303885 | 6.9434103864063346E-005  4.7108402202170332
128 | 9.0513422116117054E-007  4.9584998924368779 | 3.3488613309096138E-006  4.3739019001271036
256 | 3.0400073874967552E-008  4.8959850087393963 | 1.7222604621613957E-007  4.2812953913410947
512 | 9.5896903726510609E-010  4.9864467843831086 | 8.9762806215754054E-009  4.2620417527249659
1024 | 4.5809648855887604E-011  4.3877608256068044 | 5.2049280163668499E-010  4.1081676625548953
2048 | 6.0259840589405413E-012  2.9263827426630971 | 7.5765893559065489E-011  2.7802577489409579
4096 | 5.1375441848347263E-012  0.23011795987687592 | 1.2622771924930554E-010 -0.73640829445834921

% 15: results for WENOS5 with TVDRK3, periodic boundary, € = 1076, % =0.25

7.3 Example 3—1D Burgers Equation without Source
H 1 [0,27] X 1)L J A G Burgers 77 2: B

ws + (“—;) —0, ¢>0,2€0,2r]
u(z,0) = ug(z),

u(0,t) = u(2m,t),

x € [0, 27|

t>0
BN xo RALHIHEX NAFEZN © = 2o + tug(wo), PRI HRFIEL A AZ A -
u (2o + tug(zo),t) = uo(zo)
XTEEEM (z,t), W w=u(z,t) WP TTIEN:

u(z,t) = uo(x — u(x,t)t)

x =z + tug(zo)

(93)

RATE %8 uo(x) = sine M. 5 WILEARHYE, HRBHSMHIE e =1 L. %
ERIERLL 2 ML [0,27] FXT o — n SOk, FIURITAG R « € (0,7) LM

BIAT. 35 w(0,t) = u(m, t) =0, u(2r — z,t) = —u(x,t).
X @o KIBHRAEL © = zo + tsinzg, FATH LU

o zpe (0,7) RIMKEHELAE % THAMK {min {06~ T} <z <mt >0}, HEXANKS

HPAZL
o xo =5 RIMHHFHELN = =5 +1t.

e zp € (5.7) RUURELESE T SAKM (0<t<o— T <), HESPRBEFHHR

%z
e 30 € (0,m) RIIFHEL S © = 7 X T p(z0) = 522,

(1, 400). AP T ¢ = 1 R VBB %1,
FII, 24 () € (0,7) x (0, +00) I, TRATL HI— L5

82021.6.23

@ 1E (0,7) "R, Bk
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e Ba<t+ 3, zp€ (max{0,z -t} , min{%, z}).

e HBa>t+5 Ht<1H, zoe(z—ta).

e Hao>t+5 Hit>10, woe(a:—t,min{a;,arccos_?l}).

Bk, WATEH—DK u(z,t) WEE (u(z) =sinz), HH (z,t) € (0,7) x (0, +00).

24
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Algorithm 6 Solution of Burgers equation on (0,27) with initial value ug(z) = sinz and
periodic boundary
Input: (z,t) (t > 0)
Output: u(z,t)
1: if t =0 then

2 return u =sinz
3: else if = ¢ [0, 27| then
4 x4 x— L%J X 2
5: end if

6: if x =0, 7,27 then
7 return v =0

8: else if x > m then

9 T 2m—x

10:  coef +— —1

11: else

12: coef 1

13: end if

14: if x <t + 5 then

15:  low < max {0,z — ¢}, high < min {g, x}
16: else if v =t + 5 then

17 return u=1

18: else if ¢ < 1 then

19:  low <z —t, high <z

20: else

21:  low < x — ¢, high < min {a:, arccos _71}
22: end if

23: for ¢ = 1:BisecNum do

24:  xp ¢ Mehtlow

25. if xg + tsinxy > x then

26: high < g
27.  else

28: low <+ xg

29:  end if

30: end for

31: @ ¢ ehtow

32: u +IterativeSolver(zg)

33: return coef X u
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Algorithm 7 Iterative Solver

Input: zg

Output:

u

1: u < sinxg

2: while |u — sin(x — tu)| > ¢ = 10716 do

3: U

tu cos(z—tu)+sin(z—tu)
1+t cos(z—tu)

4: end while

5 return u

BATHHEYIE uo(z) = a+sin(z) FIEE. £

T

R REUE, 4 u(x,t) = a+v(ax+ Bt t),

0 =us +uuy = Pug + v+ (a4 v)av, = vy + avv, + (aa+ By

RHEANTLS a=1,8=—a, u(z,t) =a+v(xr—at,t), v(z,t)=u(x+at,t)—a, BAE:

0= (ut + ’U/U,I) ’(Iyt) = (Ut + /va) }(:pfat,t)

L FA

u(z,t) =v(x —at,t) +a

we (4), 0
x

v(z,0) = sin(x),
BAVEIYME wo(v) = sinz, B |u| < 1. BATE [0,27] x [0, 7] LR, £ LL =0.8.
HHFETSC TS, [RIBTE T = 1 FFETE . AT M T = 0.8 F1 T = 1.0, {EHETFhI7%

AT R, AR

t >0,z €|0,2n]

x € [0, 2]

(96)

N

L? error

L? order

L*° error

L*° order

16

0.15974285145033132

0.0000000000000000

0.17592741487409058

0.0000000000000000

32

5.2015122562181618E-002

1.6187483417156032

7.9461331340509256E-002

1.1466554458803440

64

1.2581050499842220E-002

2.0476787344371541

2.4376553897068193E-002

1.7047587781686333

128

2.6097663891206176E-003

2.2692598140880347

5.8678548532367647E-003

2.0545890970138863

256

4.7422010914903001E-004

2.4602919247899919

1.2482941012242899E-003

2.2328753082485400

512

9.1297010653480787E-005

2.3769173133321821

2.2452153009064335E-004

2.4750321754473612

1024

1.9237912711742131E-005

2.2466153456025730

4.2170883510245227E-005

2.4125346437193507

2048

4.4410123583139787E-006

2.1149917859711542

8.8170216363536724E-006

2.2578839423291774

4096

1.0690799294669375E-006

2.0545188662096785

1.9960926686546365E-006

2.1431127006022055

8192

2.6246673985654176E-007

2.0261632005991324

4.7326735094777028E-007

2.0764513952269215

16384

6.5038782133149458E-008

2.0127624661103969

1.1511813827191908E-007

2.0395402334008477

% 16:

results for WENO3 with TVDRK2, periodic boundary, € = 1079,

At

A

=08, 7=038

xT
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N L? error L? order L error L order
16 0.26570807071216773 0.0000000000000000 0.28213499908315220 0.0000000000000000
32 0.15498516517502242 0.77771191878663637 0.23229139965224299 0.28044990370383310
64 9.1685248175135736E-002  0.75736859745335339 0.19841593608460767 0.22740783817528681
128 | 5.4174130193497698E-002 0.75908554312917875 0.16789509326384761 0.24096783456422877
256 | 3.2082755771217983E-002 0.75580601651227619 0.14190434070535740 0.24264134750508831
512 1.9023638476299710E-002  0.75400486484025586 0.11959507912374823 0.24676069118526461
1024 | 1.1297929983690620E-002 0.75173473855121042 0.10064933747175805 0.24882035372710054
2048 | 6.7175600304299017E-003 0.75004925121620281 | 8.4571664459872020E-002 0.25109139790640406
4096 | 3.9968724226807310E-003 0.74906578502003718 | 7.0916510044807535E-002 0.25405283284125219
8192 | 2.3786926133672194E-003 0.74870267220294540 | 5.9315033140626666E-002 0.25772374385095642
16384 | 1.4155939688644255E-003 0.74876133120357047 | 4.9468961652362295E-002 0.26187417816558528
2 17: results for WENO3 with TVDRK2, periodic boundary, € = 1079, % =08,T=1.0
N L? error L? order L error L order
16 0.16719174202558823 0.0000000000000000 0.18698882547777157 0.0000000000000000
32 5.1707472993787279E-002 1.6930588858208457 | 8.1817092866280305E-002 1.1924778754387417
64 1.1442354992099002E-002  2.1759887913930815 | 2.3342352938517219E-002  1.8094522822928618
128 | 2.0242341141293789E-003 2.4989359482748510 | 4.8929447627231171E-003  2.2541750927004500
256 | 2.8796373280847522E-004 2.8134171255245857 | 8.7646523548035038E-004  2.4809342225221895
512 3.5901652708653118E-005  3.0037649606953112 | 1.1225350971363901E-004 2.9649363154852622
1024 | 4.3707191994441775E-006 3.0381076600326522 | 1.3788077267123944E-005 3.0252673592315107
2048 | 5.3618136582476202E-007 3.0270777073237305 | 1.6912821085568464E-006 3.0272320598019369
4096 | 6.6319578549512603E-008 3.0152143376245508 | 2.0884409401844550E-007 3.0176190729884405
8192 | 8.2442590830609300E-009 3.0079730901055957 | 2.5939302816802012E-008 3.0092147363455042
16384 | 1.0276586187695877E-009  3.0040287529458327 | 3.2317297726791594E-009 3.0047612295818102
% 18: results for WENO3 with TVDRK3, periodic boundary, ¢ = 1076, ﬁ—i =08,7T=0.8
N L? error L? order L error L order
16 0.28031241593459938 0.0000000000000000 0.30637728143895870 0.0000000000000000
32 0.16047714164707869 0.80466783276904452 0.24828533819056164 0.30331025253051502
64 9.3434674509239368E-002  0.78033786213243650 0.20530091204979384 0.27425903299580023
128 | 5.4760071970925119E-002 0.77083370463021539 0.17102072375221150 0.26356887969537524
256 | 3.2262813560270158E-002 0.76325208487450680 0.14313261050296366 0.25681875216529798
512 1.9081675373417289E-002 0.75768441214591042 0.12009604559699871 0.25316375657636203
1024 | 1.1317030120877159E-002 0.75369243806752695 0.10085810025264350 0.25186169191359559
2048 | 6.7239357634658846E-003 0.75111756054569412 | 8.4660918417061928E-002 0.25255891181387979
4096 | 3.9989865437943381E-003 0.74967151535266641 | 7.0954887310437378E-002  0.25479408008176341
8192 | 2.3793933697436207E-003 0.74904062368838709 | 5.9331663973944959E-002 0.25809981510651686
16384 | 1.4158257216867810E-003 0.74895011232756703 | 4.9476173525635721E-002 0.26206831720116286

% 19: results for WENO3 with TVDRK3, periodic boundary, ¢ = 1076, % =08,T=1.0
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N L? error L? order L error L order
16 0.12815240774464690 0.0000000000000000 0.14372581281147856 0.0000000000000000
32 | 3.5750166943639791E-002 1.8418387004160786 | 5.6843083046285603E-002 1.3382624791522320
64 | 6.4758712431684257E-003 2.4648037723211029 | 1.4578129741743884E-002 1.9631791601501958
128 | 6.5041480362793447E-004 3.3156423024166517 | 1.8094439089894054E-003 3.0101873538557942
256 | 3.9811070129697292E-005 4.0301185369400390 | 1.4073157714908358E-004  3.6845284064033437
512 | 1.8166609085771003E-006 4.4538085903667000 | 6.5618062752292872E-006 4.4227092628364995
1024 | 1.1755940051091584E-007  3.9498273441362950 | 3.5303804205022438E-007 4.2161974453039317
2048 | 1.2026105009536282E-008  3.2891485410216865 | 2.9240537630093044E-008 3.5937819085514695
4096 | 1.4350515223227547E-009  3.0669950213356034 | 3.2130330895885351E-009  3.1859620939262232
% 20: results for WENO5 with TVDRK3, periodic boundary, e = 1076, % =08, 7T=038
N L? error L? order L error L order
16 0.21528892222142743 0.0000000000000000 0.24129314635919363 0.0000000000000000
32 0.12094964753324047 0.83186752187991864 0.19244219955716502 0.32636174392027967
64 | 7.1860041192165047E-002 0.75114489763248704 0.16210208114570812 0.24752258120461557
128 | 4.2283603849091717E-002 0.76509141887548637 0.13490587704266493 0.26494941374362074
256 | 2.5023216251818615E-002 0.75683111141424886 0.11289523713742866 0.25696857676759488
512 | 1.4908429386972184E-002 0.74713895530593644 | 9.5106487804637430E-002 0.24736895773612139
1024 | 8.9081766982084202E-003 0.74292619662648163 | 8.0345170645870823E-002  0.24333245004565984
2048 | 5.3218608623717420E-003 0.74319938274979802 | 6.7845335972304716E-002 0.24396166861162633
4096 | 3.1721944764011327E-003  0.74644957179329663 | 5.7138043262949814E-002 0.24779801008237134
# 21: results for WENO5 with TVDRK3, periodic boundary, e = 1076, % =08,7T=1.0
N L? error L? order L error L order
16 0.12152966989232257 0.0000000000000000 0.13596486851414147 0.0000000000000000
32 | 3.5322657128876292E-002 1.7826427939307270 | 5.6309627177645094E-002 1.2717804226668790
64 | 6.4688163310694978E-003 2.4490202170233677 | 1.4592403939062359E-002 1.9481640278574193
128 | 6.3557479862668168E-004  3.3473679247465280 | 1.7824303240394218E-003 3.0332999837543513
256 | 3.6417608291686946E-005 4.1253538388131279 | 1.3078940133071093E-004 3.7685281419713008
512 | 1.2815011803347387E-006 4.8287294646004710 | 5.0183707788198362E-006 4.7038827576980724
1024 | 3.8818432210603595E-008  5.0449491451963349 | 1.5827559526893076E-007 4.9867083405911128
2048 | 1.1607790957187668E-009 5.0635765034074423 | 4.7874687408855365E-009  5.0470319440806586
4096 | 3.5242537764762142E-011  5.0416318188601998 | 1.4409248794144958E-010 5.0541960374753625

% 22: results for WENOS5 with TVDRK3, periodic boundary, e = 1076, At = Ax%, T=0.8
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N L? error L? order L error L order

16 0.21245733122424101 0.0000000000000000 0.23858756065865994 0.0000000000000000

32 0.12042810688943770 0.81900098323868953 0.19189123719155832 0.31422999493416903

64 | 7.1071868850530712E-002 0.76082160317527248 0.16031034358646118 0.25942131720620215
128 | 4.1971324476852527E-002 0.75987464513461400 0.13389680357361655 0.25974599384134917
256 | 2.4921123761706011E-002 0.75203486575075873 0.11242642743477049 0.25214031914302054
512 | 1.4871700635288559E-002 0.74479949043275284 | 9.4866716206994384E-002 0.24500728693002485
1024 | 8.8956181407038176E-003 0.74140287006138805 | 8.0228459268325003E-002 0.24178791784976589
2048 | 5.3179117336512940E-003 0.74223502765448524 | 6.7792936999726938E-002 0.24297911741623848
4096 | 3.1710592941754639E-003

0.745894977653 77377

5.7116448792277799E-002

0.24722869137403855

% 23: results for WENO5 with TVDRK3, periodic boundary, e = 1076, At = A.CU%, T=1.0

N T HAE WENO #a01E BR R 7 ke, FRATK R R4S A matlab & EE, +5
i E e B R R e e R B, WENO a0 Auohil i T .
LA TVDRKS3 i8] &, WENO3 =58 B Ht, CFL #kH 0.8, 4 HI7ER %

T =0.8,1.0,1.5,5.0, WX [ARI5HE N = 32,64 FroRBHEEAEM, DUARYE R EES 21
FUR I B

0.2

-0.4

-0.6

-0.8

WENO3 with TVDRK3, T=0.8, CFL=0.8
T T T T T
W"% exact solution | |
X O N=32
& X N=64
o
X
|
\
|
!
|
\
|
X
¢
X
1 2 3 4 5 6

WENO3 with TVDRK3, T=1.0, CFL=0.8
T T T T T

exact solution | |

Kl 1: WENO3 with TVDRK3, N = 32,64, ¢ = & 2: WENO3 with TVDRK3, N = 32,64, c =

0.8, T =0.8

0.8, T = 1.0

92021.6.24



7 EXAMPLES FOR GENERAL HYPERBOLIC CONSERVATION LAW 30

WENO3 with TVDRK3, T=1.5, CFL=0.8 WENO3 with TVDRK3, T=5.0, CFL=0.8

exact solution | | ir exact solution | |

O N=32 ] o8l O N=32
X N=64 : X N=64

06|

04 e
P

02} 2 “

0 xM \

02 ‘ 2

-0.4 -
| oo™
-0.6 -

-0.8 |

K 3: WENO3 with TVDRKS3, N = 32,64, c = & 4: WENO3 with TVDRK3, N = 32,64, c =
08, T=15 0.8, T = 5.0

PLR 2 A TVDRKS3 it ] B8, WENOS5 =382 #, CFL #ukE 0.8, 2 HITER Z
T =0.8,1.0,1.5,5.0, FAX[A%5EE N = 32,64 FrREBUEM, CLEEE FREES R
B EE .

WENOS5 with TVDRK3, T=0.8, CFL=0.8 WENOS5 with TVDRK3, T=1.0, CFL=0.8

exact solution | |
O N=32
X N=64

exact solution | |
O N=32
X N=64

5. WENO5 with TVDRKS, N = 32,64, ¢ = I 6: WENO5 with TVDRK3, N = 32,64, ¢ =
0.8, T = 0.8 0.8, T = 1.0



7 EXAMPLES FOR GENERAL HYPERBOLIC CONSERVATION LAW 31

WENOS5 with TVDRKS3, T=1.5, CFL=0.8 WENOS5 with TVDRKS3, T=5.0, CFL=0.8
ir M’/‘XT exact solution | | ir exact solution | |
| | O N=32 | | O N=32
> X N=64 08 X N=64
‘ b 0.6
X\
\ 2
04r
‘ Q@‘W@ df
. 02 o0 “
‘ |
0K S
| X
02F 02 \‘ MM |
N o
0.4 0.4 g 2
t%ﬁ*
-0.6 -0.6
08F 08
1t 1t
0 1 2 3 4 5 6 0 1 2 3 4 5 6

K 7: WENOS5 with TVDRKS3, N = 32,64, c = [ 8 WENO5 with TVDRK3, N = 32,64, c =
08, T=15 0.8, T = 5.0

7.4 Example 4-A Simple 2D Linear Case
AT — AN e R By v o TE A R,
Ut + ug + uy =0, t>0,(z,y) €[0,27]?
U()(-ZU,y) = UO(Z',y), (-f,y) € [0, 271']2 (97)

u(0,y,t) = u(2m,y,t), u(z,0,t) = u(z,2m,t), t=0

5 WAZTT RN u(x,y,t) = uo(x — t,y —t), CFL F&iHA % + % < 1. FATHRAWME
ug(z,y) =sinzcosy, ZKIEWZ| t =n. M Ax: Ay: At=1:1:04, I ¢c=038.

N L? error L? order L error L order

16 0.81441116635196920 0.0000000000000000 0.31610998654806954 0.0000000000000000
32 0.33214475516045727 1.2939452090186194 0.15826784970601726 0.99805839526289208
64 0.11575410362713050 1.5207487935242641 | 7.4094825335711212E-002  1.0949235226835969
128 | 3.1977031849459950E-002 1.8559554024511389 | 3.1261826138186954E-002  1.2449707356883368
256 | 3.6674357372155583E-003  3.1241924406110591 | 5.3283444128100488E-003  2.5526428115789801
512 | 3.5435885136474626E-004 3.3714886954334284 | 5.8354371107716130E-004  3.1907747061680158

% 24: results for WENO3 with TVDRK2, periodic boundary, e = 107%, Az : Ay : At =1:1:
0.4

109021.6.24
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32

L? error

L? order

L®° error

L®° order

16

0.71217694185689584

0.0000000000000000

0.31592458142252156

0.0000000000000000

32

0.24580907982894998

1.5346975185937224

0.14344234351306173

1.1391092307166453

64

7.5736238132649125E-002

1.6984825392159040

5.9680066015041278E-002

1.2651499272385671

128

2.0229922371765015E-002

1.9044929795608316

2.1448862174337058E-002

1.4763480141934104

256

3.4898789795744707E-003

2.5352418705595769

5.2689675273772663E-003

2.0253089237077031

512

2.7266325460696564E-004

3.6779848141431026

5.8172661792443847E-004

3.1791070645782979

% 25:
0.4

results for WENO3 with TVDRKS3, periodic boundary, e = 1076, Az : Ay : At =1:1:

N

L? error

L? order

L®° error

L°° order

16

3.3234679399866400E-002

0.0000000000000000

9.2640411967080949E-003

0.0000000000000000

32

2.7329927403828207E-003

3.6041359041623293

7.3331528498377097E-004

3.6591361530633857

64

2.9656680044568159E-004

3.2040526200711668

7.1191955237748239E-005

3.3646474812250431

128

3.5681752617535296E-005

3.0550987180129905

8.1787621690754264E-006

3.1217598071484427

256

4.4168388086629430E-006

3.0141003916562181

9.9851318957622226E-007

3.0340291223783336

512

5.5074895061499185E-007

3.0035474364118500

1.2408318639245408E-007

3.0084738450357627

= 26:
0.4

results for WENO5 with TVDRKS3, periodic boundary, e = 1076, Az : Ay : At =1:1:

7.5 Example 5—2D Burgers Equation
F 8 4R ToRE Burgers J7 LA

TEREH: v =E+ny=E—n

v+ vvg =0

t>0, (z,y) € 0,272

(z,y) € ]0,27]?

v(€,7,0) = sin(2€)

W v n,t) =0(t), KRN %U = 0. HB v 2 2

M.

Ui + 00 = 0

(£, 0) = sin(2€)

D0, v(E,t) = (2€,2t), HA p(x,t) &4k Burgers J7 R Ifif
Ft, AL ERFHIREM: uw(z,y,t) = o(z + v, 2t).@ FHATSCAN, B t = 0.5 H

119021.6.25

120,02,y <2

L (€ nt) =u(z,y,t), W4 v e

(100)
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33

BT max|u| =1, FrCARATSMIEN: Az : Ay: At =1:1:04, A CFL 8 0.8. &

s R F %, 1

N L? error L? order L error L order
16 0.35512678267822373 0.0000000000000000 0.13319033747308895 0.0000000000000000
32 0.10159287731203549 1.8055349103802141 | 3.8738209217418329E-002 1.7816602553975731
64 | 2.7705417599939421E-002 1.8745592402838851 | 1.2072512974959482E-002 1.6820312487991531
128 | 8.3494147101068911E-003 1.7304211387227186 | 4.6155676174813864E-003 1.3871460290912139
256 | 1.3665589134539582E-003 2.6111274119680017 | 1.0442594169602915E-003 2.1440279263003519
512 | 1.1993157538721376E-004 3.5102642127022454 | 8.9239407670804738E-005 3.5486554056385127
1024 | 1.2230113101014943E-005 3.2937018884094811 | 9.2998814510969474E-006 3.2623967067803310
& 27: results for WENO3 with TVDRKS, periodic boundary, Az : Ay : At =1 :1: 0.4,
T=04
N L? error L? order L error L order
16 0.40373168262404646 0.0000000000000000 0.16831407631434947 0.0000000000000000
32 0.22454122549174893 0.84641645965588286 0.12805729375849173 0.39436640923562377
64 0.10115566831167173 1.1504031819679057 | 8.4918098751379123E-002 0.59264545092395149
128 | 6.6828448011525377E-002 0.59804288904180658 | 8.3074048811568879E-002 3.1674201494177628E-002
256 | 4.1208812474914806E-002 0.69750948049216710 | 7.2062208999832900E-002 0.20515499240338966
512 | 2.6281042323827247E-002 0.64893039464730506 | 6.4719355461059502E-002 0.15504563684949235
1024 | 1.6823189783645665E-002 0.64357121937817618 | 5.8186941126854019E-002 0.15350183410436058

# 28: results for WENO3 with TVDRK3, periodic boundary, Az : Ay : At =1 :1: 04,

T=0.5

N L? error L? order L error L order

16 0.25788457946531057 0.0000000000000000 | 8.8720519966651534E-002 0.0000000000000000

32 0.13607049361231197 0.92237125030515210 | 7.7705812111285799E-002 0.19124530976956305

64 | 8.1778221520025465E-002 0.73456566446119087 | 7.3450611746939343E-002  8.1248004412281125E-002
128 | 6.2652785761929564E-002 0.38433802981271148 | 7.9768110669347303E-002 -0.11903760109146910
256 | 4.4707527728836245E-002 0.48686088941014549 | 8.0499134537271311E-002 -1.3161164925687144E-002
512 | 3.1778753336152370E-002 0.49245523920349638 | 8.0920734328919108E-002 -7.5361393363315753E-003
1024 | 2.2525874084236865E-002 0.49647944078884126 | 8.1118325453300666E-002 -3.5184587832554999E-003

% 29: results for WENO3 with TVDRK3, periodic boundary, Az : Ay : At =1 :1

T=10

129021.6.25
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N L? error L? order L error L order
16 | 2.7418767571895868E-002  0.0000000000000000 | 9.5691269841821081E-003  0.0000000000000000
32 | 1.8035280123701303E-003 3.9262699894964141 | 5.7460820297439152E-004 4.0577368162610004
64 | 2.2645555606386393E-004 2.9935219899074226 | 7.5518898541404589E-005 2.9276689606363213
128 | 2.6651449203599877E-005 3.0869420477436180 | 9.6256997050847559E-006 2.9718744017843992
256 | 3.2351842229304959E-006 3.0422942114693305 | 1.2006291577604244E-006 3.0031008060233164
512 | 3.7355465582799149E-007 3.1144566184358666 | 1.3914458407704444E-007 3.1091339490569103
1024 | 4.8443715369476386E-008 2.9469379219598184 | 1.8086605102496378E-008  2.9435912144650227
2048 | 5.9464985509643570E-009  3.0261971879998533 | 2.2237324204255060E-009  3.0238665306663886

#* 30: results for WENO5 with TVDRKS3, periodic boundary, Az : Ay : At =1 :1 : 04,

T=0.2
N L? error L? order L error L order
16 | 2.7418767571895864E-002 0.0000000000000000 | 9.5691269841821081E-003  0.0000000000000000
32 | 1.8035280123701038E-003  3.9262699894964346 | 5.7460820297428050E-004 4.0577368162612801
64 | 5.7184337761406253E-005 4.9790579601431872 | 2.6719006418818303E-005 4.4266403231783285
128 | 2.5499204455264037E-006 4.4870959183128090 | 1.4354700729191094E-006 4.2182712020461768
256 | 8.0410499670083490E-008 4.9869245323492866 | 6.1790786487492255E-008 4.5379877064087282
512 | 1.6718713136524156E-009 5.5878481843630725 | 1.0174312503608007E-009 5.9243885190878407
1024 | 3.3044243102198129E-011  5.6609210447869263 | 1.3449685809518996E-011  6.2412150308947858

% 31: results for WENO5 with TVDRKS3, periodic boundary, Az :

Ay =1:1, At = Ax3

)

T=0.2
N L? error L? order L error L order
16 | 8.1727716661836994E-002 0.0000000000000000 | 3.3407756340095074E-002  0.0000000000000000
32 | 2.5293274321738595E-002 1.6920716164585292 | 1.5591539267802879E-002  1.0994197302485789
64 | 1.0139927284663047E-002 1.3187065055492844 | 8.8213038066532468E-003 0.82169955457725319
128 | 1.5964539455229046E-003 2.6671044667610722 | 2.0000068418890016E-003  2.1409869694340879
256 | 9.9790442264198671E-005 3.9998254808051850 | 1.4688114083229176E-004  3.7672838608747710
512 | 4.5536981951756353E-006 4.4537910611787934 | 6.7883358375320224E-006  4.4354474184446193
1024 | 2.9467773955523215E-007  3.9498286912270548 | 3.5328532972667137E-007  4.2641521934488846

#* 32: results for WENO5 with TVDRKS3, periodic boundary, Az : Ay : At =1 :1

T=04

0 0.4,
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N L? error L? order L®° error L order
16 | 9.4447571607005940E-002  0.0000000000000000 | 3.9219699332574187E-002 0.0000000000000000
32 | 6.6103385128811601E-002 0.51478954969161250 | 4.1840723155687320E-002 -9.3329311140019744E-002
64 | 3.2108556509662919E-002 1.0417663455689852 | 2.8872563480840774E-002 0.53520858222005652
128 | 2.0885126851814446E-002 0.62048190176147255 | 2.6554105432394670E-002 0.12076427641551486
256 | 1.4299714474137932E-002 0.54648956549989636 | 2.5698703966353265E-002  4.7239324590053200E-002
512 | 9.7934467271169924E-003  0.54609774108256259 | 2.4886409662950193E-002  4.6337494265036576E-002
1024 | 6.6248024709784688E-003 0.56393925549734758 | 2.3808303820921084E-002  6.3893267084102839E-002
#* 33: results for WENO5 with TVDRKS3, periodic boundary, Az : Ay : At =1 :1: 04,
T=05
N L? error L? order L°° error L order
16 | 7.4380808939146531E-002  0.0000000000000000 | 2.9562404272792553E-002 0.0000000000000000
32 | 5.0129936853420626E-002 0.56925802145292548 | 3.0462548712070880E-002 -4.3273046125224410E-002
64 | 3.9121600899045539E-002 0.35770700864901650 | 3.5036007885972165E-002 -0.20180174611196830
128 | 2.9238170978085943E-002 0.42011234323311836 | 3.7226962286777909E-002 -8.7509498296274274E-002
256 | 2.0960715449613219E-002 0.48016510388239020 | 3.7742473518044273E-002 -1.9841078198088009E-002
512 | 1.4905753100796582E-002 0.49181869291508734 | 3.7957087082188923E-002 -8.1803051903962219E-003
1024 | 1.0568639843595330E-002 0.49607955056399672 | 3.8060365395257922E-002 -3.9201314149798520E-003
& 34: results for WENObH with TVDRK3, periodic boundary, Az : Ay : At =1 :1: 04,
T=1.0
BATE T = 0.4,0.5,1.0 &5 EME S AR EE.
WENO3 with TVDRK3, T=0.4, CFL=0.8 WENO3 with TVDRK3, T=0.4, CFL=0.8
N Exact solution [ [ [ T
N=64 ir
08 <\f
06 !F
! 04t
y w
05 027, ‘
/ N \
0 \
02} \‘
-0.5 04
6
06
-1
0 -0.8
-1r ‘ ‘ ‘
6 0 0 1 2 3 4 5 6
Kl 9: WENO3 with TVDRK3, N = 32, ¢ = § 10: WENO3 with TVDRK3, N = 32, ¢ =

0.8, T = 0.4

0.8, T = 0.4, %%



7 EXAMPLES FOR GENERAL HYPERBOLIC CONSERVATION LAW 36

WENO3 with TVDRK3, T=0.4, CFL=0.8 WENO3 with TVDRK3, T=0.4, CFL=0.8
N Exact solution T T T r -
N=64

exact solution | |
O  N=64

K 11: WENO3 with TVDRK3, N = 32, ¢ = & 12: WENO3 with TVDRK3, N = 32, ¢ =
0.8, T =0.5 0.8, T = 0.5, B 1RZE

WENO3 with TVDRK3, T=0.4, CFL=0.8 WENO3 with TVDRK3, T=0.4, CFL=0.8
N Exact solution T T T T T
N=64 exact solution
G O N=64

& 13: WENO3 with TVDRK3, N = 32, ¢ = [ 14: WENO3 with TVDRK3, N = 32, ¢ =
0.8, T=1.0 0.8, T = 1.0, Mz

WENOS5 with TVDRKS, T=0.4, CFL=0.8 WENOS5 with TVDRK3, T=0.4, CFL=0.8
I Exact solution [ [ [ [ L

exact solution | |
O N=64

K 15: WENO3 with TVDRK3, N = 32, ¢ = & 16: WENO3 with TVDRK3, N = 32, ¢ =
08, T=04 0.8, T = 0.4, BiHxE
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WENOS5 with TVDRK3, T=0.5, CFL=0.8 WENOS5 with TVDRK3, T=0.5, CFL=0.8
I Exact solution T T T T T

exact solution | |
O  N=64

Kl 17: WENO3 with TVDRK3, N = 32, ¢ = [ 18: WENO3 with TVDRK3, N = 32, ¢ =
0.8, T =0.5 0.8, T = 0.5, B 1RZE

WENOS5 with TVDRK3, T=1.0, CFL=0.8 WENOS with TVDRK3, T=1.0, CFL=0.8

[N Exact solution L —
N=64 exact solution

O N=64

K 19: WENO3 with TVDRK3, N = 32, ¢ = [ 20: WENO3 with TVDRK3, N = 32, ¢ =
0.8, T=1.0 0.8, T = 1.0, Mz

8 Examples for Euler System

8.1 Derivation for 1D Euler System
%€ Buler 7R (FEER): 1

€= (p.ou. B, (&) = (pu,pu® +p,u(E +p))" (101)
E= % + %qu, with v = 1.4 for air (102)
&+ f(§z=0 (103)

139021.6.28
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Sofn, i e = [, RANE €= (p,pu. B)T = (61.6.6)7, HHIRR:

Jacobi Hi[%:

fey O
F&)= 0(&1,82,63)

p==E&

_&
U=

BN f/(€) RIFFIEZ BN -

A= ©)] =

— 2
e’ 2u3_|_c c

p:(7—1)<§3—

(f1, f2, f3)

2

S1=p

§2 = pu

52
%) le=p=g+q

0

(v—3)&3
267

16 3(y=1)&2

(’Y*?fg Y6283

A
(y=3)u?
2

~v—1

2
1

A—(B—=7u
_3=27,2

2

=A-u)A=(utc)) (A= (u—c))

FTLATE p # 0 1, Al LRt il R71(E) F/(OR(E) =

A(§) = diag (u+ c,u,u —¢)

R(¢) =

R7(9)

1
u-+c

u(puc(y —1) — 27p)
2¢(2yp + pu*(1 = 7))
u(2yp + puc(y — 1))

4ype

2
c 1,2
771+2u + uc

EU

1 1

u u—=c

v—1

8.2 Derivation for 2D Euler System
S Buler i,

§4 f(&)z+9(8)y =0
¢ = (p, pu, pv, B)"

() = (pu, pu® +p, puv, u(E +p)) "
9(€) = (pv, puv, po® + p,v(E + p))"

149021.6.29

2
Lu? S+ e —uc

2(yp + puc(l — 7))

4puc(y — 1)

2(puc(l —v) —p)

2

-y +1
u® A —yu

2cp(y —1)
4ep(l —7)
2cp(y — 1)

38

(104)

(105)

(106)

(107)

(108)

(109)
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Horbt p NERE, (u,v) Uik, B = 2 4+ 2000 Shgehar, p NER, c= /2 i
M, TR, vy = 1.4
BANL € = (61, 60,6,&)" AHRAKR:
p &1 &1 p
&2
v=|"]= o Ce= | = e (114)
v & &3 pv
+ w2402
) \o-1 (&%) &)  \stp+2gd
Jacobi FEFE 73l 9
0 1 0 0
r=3,,2 4 21,2 3 1 — -1
—uv v U 0
122w + w?) — 52“1 12 (1—y)uv ~u
0 0 1
, —uv v U
g(&) = _ (116)
e+ 2557 (1-7)u CERIL v-1
’YTQ(U +u v)—% (1—7)uw 3= 27 24 Lu? Y
FFE R f' = RiARTY, ¢ = RoAo Ry (Il matlab £S5 it 5 563E):
A = diag (u,u,u+c,u —c) (117)
Ay = diag (v,v,v + ¢,v —¢) (118)
_P_ _P_
L. V2o vz
R u 0 %(u—i—c) ﬁ(u—c) d19)
! v —p v
2,.2 \/ic Vae
+v _ P (2 2 pu p (2 2 pc _pu
s pv 2\/ic(u —&-v)—i-f( 5t s 2\/ﬁc(u +U)+\/§(~,—1) 7
0
Lo NG Ve
w _p pu pu
R, = , Ve , Ve (120)
v 0 ﬁ(v +¢) E(v —c)
utv? P (22 2 pec pY p 2 2 pc___ pv
oAt G e RV B v ey B
- (y-nget G G 1
v 0 _1 0
-1 _ P p
R, = (v — )u2+02 _ w1 (=bu _(=lv -1 (121)
2v2pc V2 V2p V2pe V2pe  V/2pc
("}/ . 1)u2+v2 +u 1 (y=bHu  (y=v -1
2v2pc ' V2p V2p V2pc V2pe  V2pc
1-(y-1ugys bk e 1
U 1
u ~1 0 0
-1 _ Iz P
R, = (v — )u2+v2 _ v _(=bHuw 1 (=D v—1 (122)
2v2pc V2p V2pe V2p V2pc V2pc
(’Y . 1)u2+v2 + v _(r=Duw 1 (y=v  4-1
2v2pc | V2p V2pc V2p V2pe  V2pc
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8.3 Example 1—1D Euler System—A Simple Case

40

FERIIR AT
p(x,0) =1+ 0.2sin(7x) (123)
u(z,0) =0.7 (124)
pl,0) =1 (125)
LR L 2 P WA R AT
p(x,0) =14 0.2sin (w(x — 0.7t)) (126)
u(x,t) = 0.7 (127)
p(z,t) =1 (128)
A 2t ) Component-wise WENO #HATHE TR . BT f FhigEe
0.56
a(R(E)) :u—l—c:u—l—ﬂﬁ <0744/ —— ~ 1.537
) 0.8
FiLAKEL AL = 0.5, Tl CFL % ¢ ~ 0.768. A& LNZ] T = 2.0
N L? error L? order L error L order
16 | 5.0660345118482497E-002 0.0000000000000000 | 6.1871147997490272E-002 0.0000000000000000
32 | 1.9574886204968774E-002 1.3718529846019230 | 2.4913276440476917E-002 1.3123520344904511
64 | 5.1675692420877122E-003 1.9214462006222512 | 8.1723251458374335E-003 1.6080962587185608
128 | 8.0592887425400645E-004 2.6807613878309313 | 1.7175218720655305E-003 2.2504181331813644
256 | 5.5713103200938579E-005 3.8545639410484434 | 1.4660767989749246E-004  3.5502958866896308
512 | 2.5800537497301737E-006 4.4325436494127359 | 5.5074437887991934E-006 4.7344340040990520
1024 | 1.1478304773880239E-007 4.4904196295106846 | 1.9397921824371167E-007 4.8274088610595935
2048 | 5.9027159882423924E-009 4.2813868489291886 | 8.7169873541625975E-009 4.4759286722415297
4096 | 4.9643872852137539E-010 3.5716913540590771 | 6.0501670340329383E-010 3.8487827384146915
8192 | 5.6934086732338834E-011  3.1242511030821389 | 6.1519234151319324E-011  3.2978655245916944

7 35: results for WENO3 with TVDRK3, periodic boundary, e = 1076, % =05
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41

N L? error L? order L error L order
16 | 1.5578616867487536E-003 0.0000000000000000 | 1.6068514874638673E-003 0.0000000000000000
32 | 6.2476324797766214E-005 4.6401137518773057 | 6.9677972123871612E-005 4.5273901474949616
64 | 3.0261346854828969E-006 4.3677614839440979 | 3.2743306346283418E-006 4.4114307225865890
128 | 2.3228035925735695E-007  3.7035371240169250 | 2.3415085559364002E-007  3.8056897944993300
256 | 2.4569299926046264E-008  3.2409385150432226 | 2.4104608753461321E-008 3.2800573913175279
512 | 2.9388187633079282E-009 3.0635484543790552 | 2.9108402355149110E-009  3.0498014503308650
1024 | 3.6377659465865760E-010 3.0141117625909444 | 3.6337666209362851E-010 3.0018979874089360
2048 | 4.5424742962963312E-011  3.0015024670845585 | 4.5669468207165664E-011  2.9921638696672015
4096 | 5.8045648304706071E-012 2.9682185338704490 | 6.2436722458869554E-012  2.8707632786546688
8192 | 1.9796914630936108E-012  1.5519123096230953 | 1.8496315590255108E-012 1.7551568878501609

7 36: results for WENO5 with TVDRK3, periodic boundary, e = 1076, % =0.5

N L? error L? order L error L order
16 | 1.4972494808437786E-003  0.0000000000000000 | 1.5761556864133386E-003  0.0000000000000000
32 | 5.2233990649708546E-005  4.8411818927797938 | 5.9977602469896141E-005 4.7158423818887112
64 | 1.5965662275567531E-006 5.0319446250212270 | 1.8754576491808450E-006  4.9991092632890597
128 | 4.8125429742644471E-008  5.0520291652159317 | 5.4906128199583293E-008  5.0941316940537735
256 | 1.4081616161131108E-009  5.0949145953570749 | 1.4946457405073943E-009  5.1990916968719629
512 | 3.8120202941944543E-011  5.2071133130036058 | 4.0837999648601908E-011  5.1937475675353220
1024 | 7.3839986874154819E-012  2.3680815981557179 | 6.1419758168312910E-012  2.7331374639642552
2048 | 2.3512030213435834E-011 -1.6709249163535536 | 1.8153922809460710E-011 -1.5635065911515977

% 37: results for WENO5 with TVDRK3, periodic boundary, € = 1075, At = Azt

YR M5 SO, RAMER Characteristic-wise /775, L

N

L? error

L? order

L*° error

L order

16

3.4949753987837472E-002

0.0000000000000000

4.5611830095545258E-002

0.0000000000000000

32

1.3906239874844231E-002

1.3295499199330270

1.8640165118796848E-002

1.2909934172247559

64

3.5265832819909660E-003

1.9793893653613672

5.8886167334790684E-003

1.6624139573265531

128

4.6325530720411396E-004

2.9283917006187052

1.0416437116589350E-003

2.4990668810179701

256

2.6623263227378512E-005

4.1210481852422527

6.6075145906507871E-005

3.9786103804693904

512

1.1978105745433867E-006

4.4742157349411622

2.3011020597873966E-006

4.8437108282910879

1024

5.3307991460941397E-008

4.4899041384659100

8.5114673753494685E-008

4.7567732882840028

2048

3.0698497393380233E-009

4.1181118787324236

4.2976957548290784E-009

4.3077726143809061

4096

2.9324020457756868E-010

3.3880132191327936

3.3955416256503668E-010

3.6618497307928761

% 38: results for WENO3 with TVDRK3, periodic boundary, ¢ = 1075, As =

169021.6.28
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42

N L? error L? order L®° error L order

16 | 1.0653843818268693E-003 0.0000000000000000 | 1.1485927940686480E-003 0.0000000000000000
32 | 4.2961309552663393E-005 4.6321922560960527 | 4.8265778356926248E-005 4.5727229609135200
64 | 2.4231328507688917E-006 4.1480925611056625 | 2.6196101821085449E-006 4.2035765958168465
128 | 2.1438006962915967E-007 3.4986308107608379 | 2.1586721388189289E-007 3.6011360965408792
256 | 2.4058527208992739E-008 3.1555505554757532 | 2.3578761831899442E-008 3.1945842754937086
512 | 2.9247388507947543E-009 3.0401686100683278 | 2.9083728758649841E-009 3.0192038106202532
1024 | 3.6344039969316993E-010 3.0085171103419910 | 3.6329717012506535E-010  3.0009902126126575
2048 | 4.5418516645739365E-011  3.0003663031432328 | 4.5667691850326264E-011  2.9919043484747858
4096 | 5.8038816281647714E-012 2.9681905882175261 | 6.2414517998377050E-012 2.8712203215296661

# 39: results for WENO5 with TVDRK3, periodic boundary, e = 1076, % =05

N L? error L? order L™ error L order

16 | 1.0086059842819147E-003  0.0000000000000000 | 1.0840991496685604E-003 0.0000000000000000
32 | 3.2784133521311984E-005 4.9432211148378835 | 3.8576107362686685E-005 4.8126453273945824
64 | 9.8629250774625108E-007 5.0548383804874684 | 1.2203149775125155E-006 4.9823820939161223
128 | 2.9850412974776936E-008 5.0461927783336202 | 3.3817302069749644E-008 5.1733481952957190
256 | 8.8161925357376112E-010 5.0814513497223794 | 9.3582119831125965E-010 5.1753848473707649
512 | 2.3267288731004910E-011  5.2437807184683400 | 2.5209612175558505E-011  5.2141870800617820
1024 | 7.3245711853302483E-012 1.6674869025089807 | 5.8919535916857058E-012 2.0971559518999876

% 40: results for WENO5 with TVDRK3, periodic boundary, e = 1075, At = Azt

FHECIG 25 T W, RIS 5 —4ebr R 5 AL, R, Characteristic-wise HITHE I
KT Component-wise JTTHEIT4Y .

8.4 Example 2—1D Euler System—Shock Tube Problem
iAok B, £ R RIS

(0.445, 0.698, 3.528),

(p,u,p) =

(0.5,0,0.571),

<0

x>0

(129)

T ELIEZ] T = 1.3, BT EEAIR, RATE [-5,5) LR, 1 —5,5 ZHMA A LIH%&
IAIME. I £ = 0.2, 5% CFL 4 ¢ < 0.806.

FAVEH WENO3 723 [M 258, TVDRKS3 B [HE5HL, 777K Characteristic-wise, 1l
H Lax-Friedrichs &%, THEIRELL RS R,
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WENO3 with TVDRK3, T=1.3 WENO3 with TVDRK3, T=1.3

14 ‘ ‘ ; 16
N=16384
o N=256 § ? 14 H
1.2 o g +
b 12
1 P 1
08|
08hF b @ b
06|
ol 1 04
P P
0.2}
o
0 Qe
02 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 02
5 4 3 =2 1 0 1 2 3 4 5 5 4 3 =2 1 0 1 2 3 4 5
K 21: Density, T = 1.3 K 22: Velocity, T' = 1.3

WENOS3 with TVDRKS3, T=1.3

T T
N=16384
O N=256

K 23: Pressure, T = 1.3

8.5 Example 3—2D Euler Syetem—Vortex Evolution

#E (0,10 LR =4k Euler £%8, EHEI (u,v) = 1,p=p =1 L&, AT A4
mld,

2
(6u.60) = e ¥ (~,%) (130)
p (v — 1)62 1—r2
y L N B A 131
0 5/) 2 e (131)
55 =6L =0 (132)
p'Y

HA (2,9) = (2 =5,y —5), r = /T2 + 72, WHME e = 5. HUH AL F %A
G0, SR — ARy T = 10, BHTHEM: o(f) < 2+ £ = 2.796,
o(g') < 2.796, FrLMRHE CFL %M, B &L =0.12, #4 ¢ <0.671.

189021.6.30
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N L? error L? order L error L order
16 | 9.6839462557988518E-002 0.0000000000000000 | 8.7406484260382888E-002  0.0000000000000000
32 | 3.7884920882064771E-002 1.3539713376494680 | 3.8815009502376041E-002  1.1711256694521881
64 | 1.3147454405488665E-002 1.5268402413501605 | 1.9865106149724088E-002 0.96637813822017204
128 | 3.8788603202437036E-003 1.7610787639288299 | 6.8416702505611493E-003  1.5378160255122264
256 | 9.7761584009366091E-004 1.9882932584858934 | 1.5752465092767620E-003  2.1187709592359449
512 | 1.7020314529247346E-004 2.5220099632633164 | 3.6875566463301368E-004  2.0948404960885147
& 41: results for WENO3 with TVDRKS3, density, ﬁ—; =0.12, T =0.2
N L? error L? order L™ error L™ order
16 | 7.5069808607432301E-002 0.0000000000000000 | 8.5544923834087516E-002 0.0000000000000000
32 | 2.3029009380169139E-002 1.7047804515630693 | 2.6144590440927096E-002 1.7101697785894154
64 | 6.8577279003709628E-003 1.7476497857061717 | 1.0551973473627685E-002 1.3089996273721594
128 | 1.9436679217450100E-003 1.8189489088015456 | 3.7679279791085207E-003 1.4856695485678728
256 | 5.0280512937015244E-004 1.9507104810169780 | 1.0906292609882406E-003 1.7886106214568749
512 | 8.5681658082857923E-005 2.5529410634733596 | 1.8369001144913355E-004 2.5698156838508468
& 42: results for WENO3 with TVDRKS3, pressure, ﬁ—i =012, T =0.2
N L? error L? order L error L order
16 0.56975650508442199 0.0000000000000000 0.37360733408748825 0.0000000000000000
32 0.40837761703585967 0.48044169625541877 0.30855382223689121 0.27600060990394365
64 0.15217593232264859 1.4241635903468426 0.10213816989357893 1.5950000519432646
128 | 3.0741871398138908E-002  2.3074633084214211 | 2.4608156440213858E-002  2.0533136291318934
256 | 5.5651626072267153E-003  2.4657092440635626 | 6.4182854618750063E-003  1.9388767180543320
512 | 7.4986838553269192E-004  2.8917145361776084 | 1.2284616910303026E-003  2.3853350881773778
& 43: results for WENO3 with TVDRK3, density, % =0.12, T =10.0
N L? error L? order L®° error L order
16 0.22329903080112620 0.0000000000000000 0.18467626201425136 0.0000000000000000
32 0.21026282449885528 8.6783192313661453E-002 0.19683605464630183 -9.1996068129495581 E-002
64 | 9.8598961345882849E-002 1.0925494427788991 9.4171347775413139E-002 1.0636344220199567
128 | 2.4181606136890847E-002 2.0276623778958736 1.9968579935044084E-002 2.2375564383492770
256 | 5.4520822003984578E-003 2.1490308524903612 6.7449467044284894E-003 1.5658527904196577
512 | 8.4595275276804752E-004 2.6881583187740974 1.2199914184101157E-003 2.4669360439778671

% 44: results for WENO3 with TVDRKS, pressure, % =0.12, T =10.0
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N L? error L? order L™ error L™ order
16 | 2.9327074469659598E-002 0.0000000000000000 | 2.1286873573712284E-002 0.0000000000000000
32 | 4.4148547657897495E-003 2.7317952779916750 | 5.3522936521597231E-003 1.9917348988172445
64 | 4.1994981180243682E-004 3.3940771518927337 | 5.3992307549333152E-004  3.3093314894130530
128 | 1.3363139273298232E-005 4.9738860505662021 | 2.5822808631503769E-005 4.3860360469180106
256 | 3.0234718506528227E-007  5.4659090086522841 | 4.0132990819508052E-007 6.0077134407686277
512 | 1.2019251109016646E-008 4.6527872341064889 | 9.8047749919061289E-009 5.3551603408157415
% 45: results for WENO5 with TVDRK3, density, £ = 0.12, T = 0.2
N L? error L? order L™ error L™ order
16 | 1.9292008398209097E-002 0.0000000000000000 | 1.7045868262931863E-002 0.0000000000000000
32 | 3.5119960202536060E-003  2.4576402281031600 | 4.5435198152036227E-003 1.9075398118346099
64 | 3.0088927205189760E-004 3.5449866353811852 | 3.8150116351887142E-004 3.5740510085780128
128 | 9.8249727729820185E-006 4.9366354499401499 | 1.5899927632734290E-005 4.5845953527361152
256 | 2.6026765650901059E-007 5.2383854652541144 | 4.2198689631511854E-007 5.2356781884303132
512 | 8.8926374580786016E-009 4.8712408588404195 | 1.0152834795107424E-008 5.3772436937636297
% 46: results for WENOS5 with TVDRKS3, pressure, % =0.12, T =0.2
N L? error L? order L error L order
16 0.41542187419334298 0.0000000000000000 0.29204438290691137 0.0000000000000000
32 | 6.5238229033875439E-002 2.6707876597348954 | 4.4540951391746186E-002 2.7129833572501894
64 | 5.1103212649644568E-003 3.6742317235252306 | 6.9736192635767580E-003 2.6751528692991573
128 | 1.8025098011099249E-004 4.8253349811167219 | 1.5245083898474121E-004 5.5154916048276599
256 | 6.8184399991760081E-006 4.7244215931845766 | 5.2967511569024239E-006 4.8470925478035198
512 | 2.7069445243044367E-007 4.6547044740990593 | 2.0382665766316421E-007 4.6996930787453275
% AT: results for WENO5 with TVDRKS3, density, £ = 0.12, T = 10.0
N L? error L? order L error L order
16 0.23017497661043451 0.0000000000000000 0.21732406149993799 0.0000000000000000
32 | 4.7743166870950308E-002  2.2693648292403696 | 4.5900768193108843E-002 2.2432577106099476
64 | 9.5483201525132389E-003 2.3219754200650939 | 2.1030859250579015E-002 1.1260105037491772
128 | 3.2144202610899920E-004 4.8926164724924011 | 3.1209959835420964E-004 6.0743574841115784
256 | 1.0410138455688517E-005 4.9484974009492229 | 1.0528715769453356E-005 4.8896051198421766
512 | 3.6758382234956733E-007 4.8237721726098286 | 3.8628859355682721E-007 4.7685065875762929

£ 48: results for WENO5 with TVDRKS3, pressure, % =0.12, T =10.0
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N L? error L? order L™ error L™ order

16 NaN 0.0000000000000000 NaN 0.0000000000000000

32 | 1.4390355440002429E-002 NaN 1.9244800176361765E-002 NaN

64 | 4.3590317466142721E-004 5.0449507058750420 | 5.0085975203018052E-004 5.2639181966271993

128 | 1.3598784010673556E-005 5.0024581527634071 | 2.6267400189738943E-005 4.2530613622858198

256 | 3.0079835992807211E-007 5.4985371418144391 | 3.9899243886587499E-007 6.0407682000686505

512 | 9.8571607829214519E-009 4.9314807323246104 | 9.1268870239247235E-009 5.4500947233404347
% 49: results for WENO5 with TVDRKS, density, At = Az3, T = 0.2

N L? error L? order L error L™ order

16 NaN 0.0000000000000000 NaN 0.0000000000000000

32 | 6.0172201543673837E-003 NaN 6.2766722965437172E-003 NaN

64 | 2.9606585409491250E-004 4.3451071260436489 | 3.8648747830927199E-004 4.0215063095675418

128 | 9.8494905704526449E-006 4.9097251925189704 | 1.5929002091130684E-005 4.6006938796005734

256 | 2.5940450654290618E-007 5.2467736599243020 | 4.2109062237116746E-007  5.2413813312797659

512 | 7.3991272154864463E-009 5.1317046293194117 | 8.8398397490863090E-009  5.5739667207212751
%% 50: results for WENOS5 with TVDRKS3, pressure, At = Axg, T=0.2

N L? error L? order L error L™ order

16 NaN 0.0000000000000000 NaN 0.0000000000000000

32 NaN NaN NaN NaN

64 | 5.2925341701750605E-003 NaN 6.4248789992296662E-003 NaN

128 | 1.8876214586898441E-004 4.8093172962210060 | 1.5387350938511624E-004 5.3838524979491345

256 | 6.7561150391739793E-006 4.8042317734568822 | 5.2565502988155544E-006 4.8714847540488853

512 | 2.1857375867436478E-007  4.9500017829399949 | 1.6833015092920789E-007 4.9647507994077165
% 51: results for WENO5 with TVDRK3, density, At = ACC%, T =10.0

N L? error L? order L™ error L™ order

16 NaN 0.0000000000000000 NaN 0.0000000000000000

32 NaN NaN NaN NaN

64 | 9.2561466617298756E-003 NaN 1.9876930136921822E-002 NaN

128 | 3.2598557436920101E-004 4.8275316955090313 | 3.0963727373378713E-004 6.0043719972815586

256 | 1.0345679555954003E-005 4.9777078063637790 | 1.0475609578453060E-005 4.8854730494152694

512 | 3.0893127819101348E-007 5.0655986554155579 | 3.3029929014105619E-007 4.9871165178674284

% 52: results for WENO5 with TVDRK3, pressure, At = Aa;%, T =10.0

ERTSIC
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o WEANEBIMBARK, FERIRA, {HH Intel i7-975eH #4H 3.35GHz, OpenMP 12 £
FEIEAT, THHL 3.7 N A TE R
o HTAZEGIN, JARIL T A St br ERAKERIN, FTLL S AATE—E M A .
fEF WENO5 i B #, TVDRK3 i [Hg5H, £L = 0.12, N = 256, KMFIHLH]
T = 0.2 1T = 10.0 i 2 i FE 38 1 Pl 1R,

Density at T=0.2, N=256, 30 contours Pressure at T=0.2, N=256, 30 contours

10 10
0.95
9 9
8 0.9 s 1.1
7 0.85 .
1.05
6 08 6
5 0.75 5
1
4 0.7 4
3 0.65 3 0.95
2 0.6 2
1 055 1 09
0 0
0 2 4 6 8 10 0 2 4 6 8 10
K 24: density, T = 0.2, N = 256 K 25: pressure, T = 0.2, N = 256
0 Velocity at T=0.2, N=256, 30 contours VeI{)ocity,pressure and density at T=0.2, N=256, 10 contours each
&= velocity
9 1 2 9 > pressure | |
&= density
8 8 ,
18
7 7
6 16 6
5 14 5
4 4
12
3 3
2 ! 2
1 08 1
0 0
0 2 4 6 8 10 0 2 4 6 8 10
Kl 26: velocity, T = 0.2, N = 256 K 27: comparison, T = 0.2, N = 256
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Density at T=10.0, N=256, 30 contours Pressure at T=10.0, N=256, 30 contours

10 10

0 0.95 0

8 0.9 s 11
7 0.85 7

1.05

6 0.8 6

5 0.75 5

1

4 0.7 4

3 0.65 3 0.95
2 06 2

1 0.55 1 0.9
0 0

0 2 4 6 8 10 0 2 4 6 8 10

K 28: density, T' = 10.0, N = 256 29: pressure, T'= 10.0, N = 256
10 Velocity at T=10.0, N=256, 30 contours Velolgity,pressure and density at T=10.0, N=256, 10 contours each

! ! ! ! ' ' ' & velocity
9 ) 9 (> pressure
= density
8 8 1
18

7 7

6 16 6

5 14 5

4 4

12

3 3

2 ! 2

1 08 1

0 0

0 2 4 6 8 10 0 2 4 6 8 10
K 30: velocity, T' = 10.0, N = 256 K 31: comparison, T' = 10.0, N = 256

9 Examples for Hamilton Jacobi Equation

Fid: FCEBESE R, EAINRFER UL, S A S BO K AR i#E WENOS, I 8] B # K H
TVDRK3.
9.1 Example 1—A Simple 1D Linear Case
AT AR I IERYE, RAT S — A a2 e
vt + g =0, x € [—m, 7]
o(x,0) = sinz (133)
p(—m,t) = p(m,1)

& ERTZ] T = 20. B Lax-Friedrichs 4024 il X Hamiltonian. ) W., EU{E 256045 R 556 T .

219021.7.8
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49

L? error

L? order

L™ error

L order

16

4.8061593686687588E-002

0.0000000000000000

2.8245278043260269E-002

0.0000000000000000

32

3.5100744469225829E-003

3.7753109531482321

2.0328473344334297E-003

3.7964359236009204

64

3.3735545105803333E-004

3.3791602511962950

1.9081122728303868E-004

3.4132839069983465

128

3.8748878888142008E-005

3.1220429984255471

2.1860049072119914E-005

3.1257775169093787

256

4.7445289664872518E-006

3.0298178001318887

2.6768668269783191E-006

3.0296793672274989

512

5.9027324975165167E-007

3.0068099968762390

3.3302802937562603E-007

3.0068298550228025

1024

7.3717697314358198E-008

3.0013000506268659

4.1590884736208977E-008

3.0013043271953017

2048

9.2150097932313977E-009

2.9999534026837824

5.1990112215349882E-009

2.9999582005915513

4096

1.1539634870520956 E-009

2.9973881231725947

6.5099614587893484E-010

2.9975163618545317

% 53 &L =0.6, T =20

L? error

L? order

L error

L*° order

16

4.2967044151212865E-002

0.0000000000000000

2.5596690765722463E-002

0.0000000000000000

32

1.5515950437017254E-003

4.7914065549718199

9.2754014712292943E-004

4.7864037672566457

64

5.0360672810441602E-005

4.9453107049697005

2.8853942379170050E-005

5.0065693717551936

128

1.5915743517808822E-006

4.9837710969429496

9.0227834881329017E-007

4.9990520737099438

256

4.9834193294149403E-008

4.9971747704909300

2.8174638955213993E-008

5.0011035389095468

512

1.5531261874606382E-009

5.0038890197690336

8.7944462823230651E-010

5.0016605675258150

1024

5.7891375002200797E-011

4.7456828164537335

3.2684521755754758E-011

4.7499132525670467

2048

3.4750646272095997E-011

0.73630861454544394

1.8896439968330014E-011

0.79049312692510587

% 54: At = Az, T =20

9.2 Example 2—1D Burgers Equation

e Hamiltonian@ :

@i+ (o + 1) =

0, ze[-1,1]

o(z,0) = — cos(mx)

90(*17 t) = @(17 t)

HAVERIET TR 2 v=9.+1, B2 v L Burgers Jifz:

o 2
wt g =0

x € [-1,1]

v(z,0) =1+ 7wsin(rz)

v(—1,t) = v(1,¢)

(134)

(135)

#id [0,2n] ERL sina AYMERIPRAE Burgers A2 HIEAN U (x, t) (R C45 H Newton ALK
RIS o R RS E REOEFTLAAS, [0,2L] EBA a+ bsin(Fa) JHMER Burgers 7RI A

¢(x,t):a+b\11(

™

L

229021.7.8

(z — at)

i,
"L

(136)



9 EXAMPLES FOR HAMILTON JACOBI EQUATION

EZ’K[‘@E@E‘J, 'fﬁ)\ L — ].,(1 = ]_7[) =T ?%';.

50

po(z,t) = 70 (n(z — t), 7°t) (137)
BAE (z,¢) WTHHE—IR o =v—1 KA, id 2o =z — vt, H v KRFEZANE TR :
0z (To + TV, T) = Yy (138)
1 2
oi(xo + TU,7) = ) (pz+1) (139)
R t
o(z,t) =p(x0,0) + / (v,1) - (Y, 1) (ko + TV, T)dT
0
L
= —cos(mzg) +t | v(v—1)— v (140)
1
= — cos(m(z — vt)) + tv 2V~ 1
RIS, W @ WIEWITE ¢ = 1 BZIHI.
HAEWERS, BOA H(u) = 5 (u+ 1)%, BrLA Lax-Friedrichs 432
~ 1 (u” +ut S|
H(u ,u") = 3 <2 1) — imax{‘u_ + 1], Jut + 1]} (u™ —u7) (141)
G0, ¢ € -7, 7 max |H'(u)| =7+ 1, FIAEL &L = 25, M4 CFL ¢ = 0.6.
ﬁ%’ E:Z T= %7 .[H:HTJ- P H‘J[‘Eﬂ%ﬁﬁ:‘jﬂitﬂfmo
N L? error L? order L error L order
16 7.4082457243365111E-004  0.0000000000000000 | 1.3948438374029593E-003 0.0000000000000000
32 5.2328798682562507E-005  3.8234549078373345 | 1.0229914343229396E-004 3.7692376408975168
64 4.6702487108214175E-006  3.4860338524326782 | 9.4379328251514849E-006 3.4381793519094597
128 | 6.1195606845803509E-007  2.9319993891742002 | 1.3107522873756494E-006 2.8480758395904808
256 | 7.5448113133203079E-008  3.0198713611635251 | 1.6481679432356344E-007 2.9914599021796491
512 | 9.7080950549131696E-009  2.9582246815938462 | 2.1283992346354808E-008 2.9530225612328773
1024 | 1.2320529579649236E-009  2.9781239649570712 | 2.7029491977970110E-009 2.9771624882046290
2048 | 1.5520170596555861E-010  2.9888479487463795 | 3.4050673392016506E-010 2.9887791619093260
4096 | 1.9482178182618616E-011  2.9939175251911196 | 4.2742698269648827E-011  2.9939334387788148
8192 | 2.4487530072442662E-012  2.9920358159650231 | 5.3754778406300829E-012 2.9912130750717871
16384 | 3.5220586841151375E-013  2.7975564117348743 | 7.4051875742497941E-013  2.8597848207103800
32768 | 2.5018004260459752E-013  0.49345224014489064 | 3.2851499298658382E-013  1.1725770648780258

. At _ 0.6
R 55 Xy = 1ies

=]

.5
s

T =

|
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51

L? error

L? order

L°° error

L order

16

1.2380258048616359E-003

0.0000000000000000

2.4826336486772904E-003

0.0000000000000000

32

5.2328798682562507E-005

4.5642924362976496

1.0229914343229396E-004

4.6010054147409436

64

2.2072774983221130E-006

4.5672652178817419

4.1202907185011739E-006

4.6339041206471219

128

8.2797689321884850E-008

4.7365336997728944

1.7657022485795260E-007

4.5444321482501602

256

2.9487821950310753E-009

4.8113993361277432

8.9981431472541118E-009

4.2944709524876368

512

9.3285481491980511E-011

4.9823228904176542

2.8727853429444394E-010

4.9691052156967679

1024

2.5916565563988341E-012

5.1697061127910242

5.4072024635587468E-012

5.7314240105169132

2048

2.5221118048897846E-013

3.3611704097789432

3.5849101465146305E-013

3.9148735124467695

4096

6.9232489903977521E-013

-1.4568170031606198

9.6078700551061047E-013

-1.4222796798079105

% 56: At =Ax3, T =

0.5

T2

BATFHEI T = 32, SLRPA RN, RATZBB O EGT, Hdbadk Burgers ff 15K
FERCN 10716, AT, A LR LS -

N

L? error

L? order

L error

L*> order

16

4.0200835307197032E-003

0.0000000000000000

9.7442936939031999E-003

0.0000000000000000

32

3.7005450805889834E-003

0.11948768695308019

1.4772886081637168E-002

-0.60032218151108430

64

7.2198708365587292E-004

2.3576928589399335

4.0735145739364681E-003

1.8586057285975941

128

4.4353652745874759E-004

0.70292010494337531

3.5477366996421178E-003

0.19937512783924100

256

1.4325269056545930E-004

1.6304906867265565

1.6197538899183628E-003

1.1311243194215983

512

3.9460339973251616E-005

1.8600869450034687

6.3128918180933857E-004

1.3594016890676390

1024

3.1862097691803981E-005

0.30856213364331131

7.2093101631452716E-004

-0.19156019065895546

2048

1.5605200303019990E-006

4.3517424716799784

3.5384052261819288E-005

4.3486900356847427

4096

8.1114171112866638E-007

0.94400098660908538

3.5668369741462258E-005

-1.1545999296847865E-002

8192

1.5419984772807879E-006

-0.92677545188873578

9.8682816040140953E-005

-1.4681536078794539

16384

7.3090782666830585E-008

4.3989680481235247

5.7783951892820262E-006

4.0940581058599950

32768

2.5049873068999382E-008

1.5448861891339718

2.5481947934918869E-006

1.1811933076107157

RENAN
£ 5T RL =

0.6
147> T

w

.5

T

|

WENOS with TVDRK3, T:3.5/pi2, CFL=0.6

-0.2

N
wd

-0.8

exact
X N=64
O N=32|

-1.2

-0.8 -06 -04

K| 32: solution at T =

0.8 1

3.5 —
w2 6=

0.6
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9.3 Example 3—1D Riemann Problem with a non-convex Hamiltonian

2 5 4™ Hamiltonian, Dirichlet 45 %1,
pr+ 1 (P2 —1) (p2—4) =0, ze[-1,1]
p(@,0) = —2|z| (142)
P(=1,t) = p(1,1) = -2

BT H(u) =1 (u®—1) (u? —4), H'(u)=u®— 3u, M4%EH Lax-Friedrichs 7%

~ - + 1
H(u_,u+) =H v rury 2 max
2 2 1(u=ut)

5)
P — Zu

5 (ut —u”) (143)

P - fu N, A= \/f AR 0 = max [u® — Jul WF
1. % a=min{u",u"},b=max{u",u"}.
2. a,b [[l'5, & a<+ |a|,b< |b],
(a) a,b 7E X [Fll: o = max {|a® — 3a|, |6 — 20| }.
(b) a,b /£ X Fl: o= max{|a3 - %a| , |b3 - %b| , 5)\}.
3. a,b F5:
(a) max{[al,[b]} < A: a=max{|a®— 3a|,[b> — 50|}
(b) max{|al,|b]} > A: @ =max {|a3 - ga| , |b3 - %b| ,2A}
N, AT AN S AL PE Dirichlet 3457 #) U7 i
AEM B, BT 5 B WENO, RATIRE 2o AHME N F %S B AIME, KRG
Tonzaa FA u K 5 I Z TR, % u,u_gr HEH 5 MRE. AMEM, 0 Lagrange
EQUEEHIEVSIE

<
Z

u_y = 15up — 40uy + 45us — 24us + Sug (144)
u_1 = dug — 10u1 + 10us — Susz + uy (145)

w&Ja, BN

H'(u)| <3, FIUAE 2L =0.2, #4 CFL c=0.6. WAL IENZ] T = 1.0.

WENOS5 with TVDRK3, T=1.0, c=0.6

; : ;
af W%
BN S
12t
ref N=4096
131 g O N=64
mi e N=128
- g N=256 o
15+ g o

16

-1.7 1

-1.8

-191

33: solution at T'=1.0, ¢ = 0.6

239021.7.8
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