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Hightlights

1 Efficient preconditioner with hk-independent performance.
2 High-order error estimates assuming high regularity.
3 Estimates under a non-equivalent distance from existing ones.

Notations
Th: a quasi-uniform simplicial mesh discretization of Ω.
Γo, ΓD, ΓN : the unions of interior, Dirichlet and Neumann faces.
[[·]], {{·}}: the DG jump and average operators on faces.
ΠV : the L2 projection onto a linear space V .
Qh, Σh, Vh: DG spaces for q, σ and u (k-th order piecewise polynomial).
(·; ·; ·), 〈·; ·; ·〉: weighted L2 inner product on d- and d− 1-dimensional manifolds.

The p-Laplace equation

Let Ω ⊂ Rd be a bounded Lipschitz domain, p ∈ (1,+∞), and define A(τ ) := |τ |p−2 τ . The
mixed and minimization forms of the p-Laplace equations are (1) and (2) respectively.

q −∇u = 0 in Ω,

σ −A(q) = 0 in Ω,

−∇ · σ = f in Ω,

u = gD on ΓD,

σ · n = gN · n on ΓN .

(1)

u ∈ argmin
v∈V

J(v),

where J(u) :=
1

p
‖∇u‖pLp(Ω) − (f, u)Ω − 〈gN · n, u〉ΓN

and V =
{
v ∈ W 1,p(Ω) : v|ΓD = gD

}
(2)

Spatial discretization: the LDG method

Define the LDG weak gradient operator DDG : W 1,1(Th)× L1(ΓD) 7→ Qh to be: ∀ζh ∈ Σh,
(DDG (v; g) , ζh)Ω = (∇hv, ζh)Ω − 〈[[v]] , {{ζh}} −C12 [[ζh]]〉Γo − 〈v − g, ζh · n〉ΓD .

The LDG discretization of (1) for (qh,σh, uh) is
find uh ∈ Vh s.t. ∀vh ∈ Vh, J ′

h(uh)(vh) = 0,

qh = DDG (uh; gD) ,

σh = ΠΣh
A (qh) .

The equivalent and unisolvent minimization form for uh (also a LDG discretization of (2)) is
uh ∈ arg min

vh∈Vh
Jh(vh). (3)

Here, J ′
h(uh)(vh) is the Gâteaux derivative of Jh(uh) on vh direction.

Jh(vh) =
1

p
‖DDG (vh; gD)‖pLp(Ω) +

1

p
‖[[vh]]‖pLp(Γo,ηh1−p

e )

+
1

p
‖vh − gD‖pLp(ΓD,ηh1−p

e )
− (f, vh)Ω − 〈gN · n, vh〉ΓN .

J ′
h(uh)(vh) = (A (DDG (uh; gD)) , DDG (vh; 0))Ω +

〈
ηA

(
h−1
e [[uh]]

)
, [[vh]]

〉
Γo

+
〈
ηA

(
h−1
e (uh − gD)n

)
, vhn

〉
ΓD

− (f, vh)Ω − 〈gN · n, vh〉ΓN .

Nonlinear solver: hk-independent preconditioned gradient descent

For Jh, the (unnormalized) steepest descent direction wh at uh under ‖·‖ (to be determined) is
characterized by

J ′
h(uh)(wh) = − sup

vh∈Vh

J ′
h(uh)(vh)

‖vh‖
‖wh‖ .

We choose the following linearized norm that is generalized from [Huang et al. 2007].
‖wh‖2 := ‖DDG (wh; 0)‖2L2(Ω,|DDG(uh;gD)|p−2)+‖[[wh]]‖2L2(Γo,ηh−1

e |h−1
e [[uh]]|p−2

)
+‖wh‖2L2(ΓD,ηh−1

e |h−1
e (uh−gD)|p−2

)
.

Then the scheme for wh (regularization terms in weights ignored) is an elliptic LDG scheme:
find wh ∈ Vh such that ∀vh ∈ Vh:(
DDG (wh; 0) ; |DDG (uh; gD)|p−2 ;DDG (vh; 0)

)
Ω
+

〈
ηh−1 [[wh]] ;

∣∣∣h−1
e [[uh]]

∣∣∣p−2
; [[vh]]

〉
Γo

+

〈
ηh−1

e wh;
∣∣∣h−1(uh − gD)

∣∣∣p−2
; vh

〉
ΓD

= −J ′
h(uh)(vh).

Theorem 1: Error estimates for the primal variable [Wu and Xu 2023]

Define ‖v‖J,p :=
(
‖DDG (v; 0)‖pLp(Ω) + ‖[[v]]‖p

Lp(Γo∪ΓD,ηh1−p
e )

)1
p. Assume η = Θ(1) and C12 = O(1).

Let (q,σ, u) ∈ W s,p(Ω) × (W r,p′(Ω) ∩ Lp′(div,Ω)) ×W s+1,p(Ω) be the exact solution. Assume
WLOG that s, r ∈ N satisfy s ⩽ k and r ⩽ k + 1. Let u∗h := ΠVhu, then

For p ∈ (1, 2]:


‖uh − u‖Lp(Ω) ≲ ‖uh − u∗h‖J,p + hs+1 |u|W s+1,p(Ω) ,

‖qh − q‖Lp(Ω) + ‖[[uh − u]]‖Lp(Γo∪ΓD,h1−p) ≲ ‖uh − u∗h‖J,p + hs |u|W s+1,p(Ω) ,

‖σh − σ‖Lp′(Ω) ≲ ‖qh − q‖p−1
Lp(Ω) ,

‖uh − u∗h‖J,p ≲ C2−p
gD,f,gN ·n

(
hs(p−1) |u|p−1

W s+1,p(Ω) + hr |σ|W r,p′(Ω)

)
.

For p ∈ [2,+∞):



‖uh − u‖Lp(Ω) ≲ ‖uh − u∗h‖J,p + hs+1 |u|W s+1,p(Ω) ,

‖qh − q‖Lp(Ω) + ‖[[uh − u]]‖Lp(Γo∪ΓD,h1−p) ≲ ‖uh − u∗h‖J,p + hs |u|W s+1,p(Ω) ,

‖σh − σ‖Lp′(Ω) ≲ Cp−2
gD,f,gN ·n ‖qh − q‖Lp(Ω) ,

‖uh − u∗h‖J,p ≲ h
s

p−1C
p−2
p−1

gD,f,gN ·n |u|
1

p−1

W s+1,p(Ω) + h
r

p−1 |σ|
1

p−1

W r,p′(Ω)
+ hs |u|W s+1,p(Ω) .

Here, the hidden constant C > 0 is independent of h. CgD,f,gN ·n is defined to be

CgD,f,gN ·n := ‖gD‖
W

1
p′ ,p(ΓD)

+ ‖f‖
1

p−1

Lp′(Ω)
+ ‖gN · n‖

1
p−1

Lp′(ΓN)
.

Numerical examples

Domain: Ω =
{
(x, y) ∈ [−1, 1]2 : x− y ⩽ 1

}
. Let r(x, y) =

√
x2 + y2. Take the exact solution

[Barrett and Liu 1993]; [Cockburn and Shen 2016] as

u(x, y) =
p− 1

(σ + 2)
1

p−1

1− r(x, y)
σ+p
p−1

σ + p
.

We consider two groups of parameters: (σ, p) = (0, 1.5) and (σ, p) = (7, 4).
Case 1: (σ, p) = (0, 1.5)
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(a) ‖u− uh‖Lp

1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6

mesh level

10-10

10-8

10-6

10-4

10-2

100

L
p
 e

rr
or

k=1
k=2
k=3
k=4
k=5
k=6

(b) ‖q − qh‖Lp
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(c) ‖σ − σh‖Lp′

Figure 1. Error convergence history. Parameters: σ = 7, p = 4.
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(a) Jh(uh), k = 1
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(b) ‖wh‖, k = 1
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(c) ρ, k = 1
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(d) Jh(uh), k = 6
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(e) ‖wh‖, k = 6
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Figure 2. Gradient descent convergence history. Parameters: σ = 0, p = 1.5.

Case 2: (σ, p) = (7, 4)
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(a) ‖u− uh‖Lp
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(b) ‖q − qh‖Lp
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(c) ‖σ − σh‖Lp′

Figure 3. Error convergence history. Parameters: σ = 7, p = 4.

0 5 10 15 20 25 30

iteration

0

0.5

1

1.5

2

2.5

3

3.5

J h
[u

h
]

1015

mesh level 1
mesh level 2
mesh level 3
mesh level 4
mesh level 5
mesh level 6

(a) Jh(uh), k = 1
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(b) ‖wh‖, k = 1
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(c) ρ, k = 1
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(d) Jh(uh), k = 6
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(e) ‖wh‖, k = 6
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Figure 4. Gradient descent convergence history. Parameters: σ = 7, p = 4.
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